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PERFECTOID SHIMURA VARIETIES OF ABELIAN TYPE 


XU SEEN 


Abstract. We prove that Shimura varieties of abelian type with infinite level at p are 
perfectoid. As a corollary, the moduli spaces of polarized K3 surfaces with infinite level at 
p are also perfectoid. 
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1. Introduction 

1.1. Background and motivation. The theory of perfectoid spaces was originally devel¬ 
oped by Scholze in [24] to prove some cases of the weight-monodromy conjecture over p-adic 
fields. Since then, this theory has proved to be very useful in quite a lot areas of number 
theory and arithmetic geometry, cf. [SHI EZ] El] • In |2Z] , Scholze has proved that Shimura 
varieties of Hodge type with infinite level at p are perfectoid, which is the key geometric 
ingredient of his construction of automorphic Galois representations there. More precisely, 
in m Scholze constructed Galois represenations associated with the mod p™ cohomology 
of the locally symmetric spaces for GL„ over a totally real or CM field, proving conjectures 
of Ash and others on the mod p version of the global Langlands conjecture. The cohomol¬ 
ogy of the locally symmetric spaces for GL„ can be realized as a boundary contribution of 
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the cohomology of symplectic or unitary Shimura varieties (which are of Hodge type), and 
the perfectoid structure on these Shimura varieties with inhnite level at p plays a crucial 
role in understanding the torsion appearing in the cohomology. In this note, we prove that 
Shimura varieties of abelian type with infinite level at p are also perfectoid. As a corollary, 
we get many new interesting examples of perfectoid spaces, including perfectoid quater- 
nionic Shimura varieties and the moduli spaces of polarized K3 surfaces with infinite level 
at p. 

Shimura varieties of abelian type are exactly those studied by Deligne in [5j, where he 
proved that the canonical models of these Shimura varieties exist. When the weight is 
rational, Shimura varieties of abelian type (over characteristic 0) are known as moduli 
spaces of abelian motives (defined by using absolute Hodge cycles), cf. [I8] Theorem 3.31. 
Recently, Kisin (cf. [H] ) and Vasiu (cf. [32l |33] , as well as the more recent |Ml El] ) have 
proved that integral canonical models for Shimura varieties of abelian type (in the case 
of hyperspecial levels at p) exist. These works and the results of Scholze in [27| are the 
motivation of this paper. Recall that Shimura varieties of Hodge type are the Shimura 
varieties which can be realized as closed subspaces of the Siegel Shimura varieties. In 
principle, Deligne’s paper [Ij suggests that, if a (reasonable) statement is true for Shimura 
varieties of Hodge type, then it should also be true for Shimura varieties of abelian type, 
cf. [m im 121] for examples. However, the situations in m and m are quite different. 
Let {G,X) be a Shimura datum. Fix a prime p. In [11], one fixes the level Kp at p as 
the hyperspecial level (thus the reductive group is unramified at p), and lets the level 
outside p vary. Equivalently, one studies the pro-variety 


ShK,{G,X) = ]^ShK,Kp{G,X) 
KP 


over the reflex field and the integer ring of the local reflex field. Here, C G(Aj) runs 
through open compact subgroups of G(Ap. In the situation of [27], one fixes the level 
outside p and lets the level Kp at p vary. Equivalently, one studies the object 

\^shK^KPiG,xr'^ 

Kp 


in the pro-etale site of the adic Shimura varieties S\iKpKp{G, XY’^ over a perfectoid field 
like Cp. Here, Kp C G(Qp) runs through open compact subgroups of G(Qp). In this paper, 
we will mainly work with the latter situation. Nevertheless, we will use in the course of the 
argument (cf. Proposition 3.2.6 in subsection 3.2) the case where a hyperspecial level Ki is 
fixed, for a prime £ Y P: the level K^ varies. 

Recall that {G,X) is called of abelian type, if there exists a Shimura datum {Gi,Xi) of 
Hodge type, together with a central isogeny Gf®'’ —)> which induces an isomorphism 
between the associated adjoint Shimura data (G“‘^, Af'^) ^ (G“'^, Thus the geometry 

of Shimura varieties of abelian type and of Hodge type are very closely related. In fact, in 
laiiiiEi] Deligne, Kisin and Moonen all studied connected Shimura varieties of Hodge type 
first. Then passing to a compact (finite) quotient, they got connected Shimura varieties of 
abelian type. By the theory of connected components of Shimura varieties, they got results 
for the non-connected Shimura varieties of abelian type. In this paper, we adapt their 
methods and construction to the situation studied in 


^Since the usual pro jectiv e limit does not e xist in the category of adic spaces: the closest object to this 
limit is as in Definition 


2 . 2.1 


See also Lemma 


2.2.3 
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1.2. Main results and the strategy. Let {G,X) be a Shimura datum of abelian type. 
Fix a sufficiently small prime to p level C G(Aj). As an orientation, we first study the 
connected Shimura variety 

Kp 

as a pro-variety over Cp, following the line as in [3 El EH. Let (Gi, Ai) be the Shimura 
datum of Hodge type as above. Then we can find an open compact subgroup K\ C Gi(Ap, 
such that 

Sh?,p(G,A) = ShO,p(Gi,Ai)/A 

for some finite group (cf. Proposition 3.2.6| in subsection 3.2) A which acts freely on 
the connected component Sh^p(Gi, Ai) of Sh^p(Gi, Ai) = lim^^ Sh;^^^;^p(Gi, Ai). The 
finiteness of A will be crucial for our later use. Now we want a perfectoid version of 
this construction. First of all, with some effort, we can show that there is a perfectoid 
Shimura variety 5^p(Gi, Ai), which occurs as in some sense a “connected component” of 

the perfectoid Shimura variety 5^p(Gi, Ai) constructed by Scholze in [27] • Moreover, it is 
equipped with a free action of A, induced from the algebraic situation. In fact, what we are 
doing is to adapt the construction of |3 2.7 to the perfectoid situation. This (natural and 
not very hard) adaption will also be a key tool in our study of perfectoid Shimura varieties 
here. Then, we want to define an adic space by taking the quotient on the connected 
perfectoid Shimura variety S'^p(Gi, Ai) by A: 

5^p(G,A) = 5^p(Gi,Ai)/A, 

which is the adic version of Sh.^p{G, X). 

At this point, some curious reader may wonder that, why do not we hrst perform the 
(algebraic) quotients at hnite levels, and then take the limit of the associated adic spaces 
to get a perfectoid space as what we want? If so, in fact one will not need to take quo¬ 
tients at all, since the desired objects at finite levels are given by the connected Shimura 
varieties Sh.^^j^p{G, X), and it is by the theory of Shimura varieties that we know each 
Sh5^^^p(G, A) can be realized as a finite quotient of some suitable Sh^^ ^p(Gi,Ai), for 
details see subsections 3.1 and 3.2. Therefore, if one wants to take this approach, then 
the only problem is prove the existence of the limit ^im ^^ Sh!j^^j^p{G, X)‘^‘^ in the sense of 

Definition 2.2.1, as a perfectoid space. This is exactly what we want, up to our adaption of 


Deligne’s construction above! Then, one meets an essential difficulty: it is not clear at all 
that the limit (in the sense of Dehnition 2.2.1) exists, even as an adic space! See Lemma 


2.2.3 (and Lemma 2.2.4) for some discussion on the existence of limits of adic spaces in 
some cases. In fact, even in Lemma 2.2.3, one is asserting something (the existence of a 
limit in the sense of Definition 2.2.1) a bit weaker than the existence of the usual limit, but 
it is the unique possibility for what an adic-space limit could be (see also the footnote 1 
in the second paragraph of this introduction on comparison with Kisin’s work mi)- Here 
one finds some subtleties in the world of adic spaces. Thus, we come back to our previous 
approach: try to construct the quotient at inhnite level S'^p(Gi, Ai)/A first as an adic 
space, and then prove that it is perfectoid. As a summary, with all of our efforts so far, 
we have reduced our specihc problem in the setting of Shimura varieties to a problem on 
quotients of perfectoid spaces. 

However, it is not obvious at all that such a quotient above 5^p(Gi, Ai)/A as adic space 
exists! This leads us to study group quotients of perfectoid spaces seriously. Here come 
the essential new difficulties relative to known methods in the algebraic setting. First, we 
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remark that in the classical rigid analytic geometry setting and assuming that the spaces 
are separated, by resorting to the associated Berkovich spaces, there exist nice results on 
etale quotients of these spaces (and their counterparts in other versions of p-adic geometry, 
e.g. Berkovich spaces and adic spaces) in [Jj. However, we can not apply these affirmative 
results in [3], as we are now working with perfectoid spaces, which are adic spaces almost 
never of finite type (over a fixed perfectoid field k), while the adic spaces associated to rigid 
analytic spaces and Berkovich spaces (as studied in [3]) are of finite type over the base field 
k. By using the notion of diamonds introduced in |29j, the group quotient above exists 
naturally as a diamond. However, since we want to find some new perfectoid spaces coming 
from Shimura varieties, we will not make use of the theory of diamonds in this paper. In 
our specific situation, thanks to the fact that A is finite, we can show that there indeed 
exists such an adic space 

S^kAG,X), 


which may be viewed as a quotient space of S'^p(Gi,Ai) by A, see Proposition 


Corollary 2.3.5 and Proposition 3.3.8 In fact, in Proposition 2.3.1 (and Corollary 2.3.2 


2.3.1 


we prove a general result on the existence of etale quotients for finite free group actions on 
perfectoid spaces (over a perfectoid field). By construction, we have a finite etale Galois 


cover 


S^p(Gi,Ai)^S^p(G,X) 

with Galois group A. In such a situation, as S'^p(Gi, Ai) is a perfectoid space, by a theorem 

of Kedlaya-Liu ([TO] Proposition 3.6.22, which is the afhnoid situation here), S^p{G,X) is 
also a perfectoid space. Then it will be not hard to construct a perfectoid Shimura variety 
Skp{G,X) from S^p{G, X), by using the theory of connected components of Shimura va¬ 
rieties (see the previous paragraph on our adaption of Delgine’s construction). Moreover, 
there is naturally a Hodge-Tate period map 


ttht : Skp{G,X) —)• XCg, 

where XCq is the p-adic flag variety associated to the Shimura datum (G, X), see subsection 
3.4. The main theorem of this paper is as follows, cf. Theorems 3.3.9[ |3.4.1[ 


Theorem 1.2.1. Assume that {G,X) is an abelian type Shimura datum. 

(1) There is a perfectoid space Skp = Skp{G,X) over Cp such that 

SKP-^^ShKpKpiG,xr<^, 

Kp 

where ShKpKp{G, XY'^ is the adic space associated to Sh.KpKp{G, X) over Cp, and 
the meaning of ^ is as the Definition 2.4-1 of m- 

(2) There is a G{Qp)-equivariant map of adic spaces 

ttht : Skp —^ XCg, 

compatible with the construction in |3] in the case that {G,X) is of Hodge type. 
The map ttht is invariant for the prime to p Hecke action on Skp- Moreover, 
pullbacks of automorphic vector bundles over finite level Shimura varieties to Skp 
can be understood by using the map ttht- 


In fact, we can say more about the theorem above in the general setting. Let {G, X) be 
a Shimura datum. Fix a prime to p level C G(Aj). Consider the statement 

V{G,X) : There exists a perfectoid space 5ifp over Cp such that 
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Fix a connected component C X, and consider the statement 

, X~^) : There exists a perfectoid space over Cp such that 


Kp 

Then we can prove that the two statements are equivalent 

V{G,X) ^V{G^^\X+). 

And to prove the statement V{G,X), it suffices to work in the case that G is simply 
connected, cf. Corollaries 3.3.6| and |3.3.10 This opens the way to prove a theorem like the 
above toward all Shimura varieties. Here, we assume that (G, X) is of abelian type in order 
to use the theorem of Scholze on Hodge type Shimura varieties as the input. 

Let d be a positive integer, and be the quadratic lattice over Z of discriminant 2d 
and rank 21 introduced in 2.10 of m. see also subsection 4.2. Let G = SO{Ld<SiQ). Then 
there exists a Hermitian symmetric domain X such that {G,X) forms a Shimura datum 
of abelian type with reflex field Q. Fix a tame (i.e. sufficiently small) level C G(Ap. 


For any open compact subgroup Kp C 


such that KpRP is admissible (see subsection 


4.2), let M 2 d,KpKp be the moduli space of K3 surfaces together with a polarization of degree 
2d over Q, and let ShxpKP be the Shimura variety of level KpK'P associated to the datum 
{G,X) over Q. By Corollaries 4.4 and 4.15 of [15], there is a period map over Q 


^2d,KpKP -^ ShxpKP- 

More importantly, this period map is an open immersion. This is essentially the global 
Torelli theorem for K3 surfaces. Let KpKp space associated to M 2 d,KpKP xCp. 

As a corollary of the above theorem, we get the following interesting perfectoid space. 


Corollary 1.2.2. There is a perfectoid space M 2 d,KP over Cp such that 

^ 2 d,KP ~ lini Myj f^p. 

Kp 

By construction, we have an open immersion of perfectoid spaces over Cp 

^2d,KP C Skp, 

where Skp is the perfectoid Shimura variety with prime to p level associated to the 
datum (G,X}. In particular, the restriction on M 2 d,Kp of the Hodge-Tate period map ttht 
for Skp gives rise to a Hodge-Tate period map 

ttht : M.2d,Kp XCg, 

which can be understood by the Kuga-Satake construction for K3 surfaces, and the Hodge- 
Tate period map of |3] (and |27|). 

The same method can be used to prove that some other moduli spaces of polarized 
higher dimensional Calabi-Yau varieties with infinite level at p are perfectoid: use perfectoid 
Shimura varieties of abelian type and the global Torelli theorem for the period map as the 
input. See the last paragraph of subsection 4.3. 

In |27| , Scholze has also proved stronger versions of the above theorem for some compact- 
ification of Hodge type Shimura varieties (but less information for the Hodge-Tate period 
map). In the Siegel case, it is the minimal compactification studied there. For general 
Hodge type Shimura varieties, it is not known that whether the compactification used in 
|27| is the minimal one. Here, we feel that the issue of compactification will require an 
independent treatment, and we will leave it to a future work. 
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1.3. Overview of the paper. We now briefly describe the content of this article. In section 
2, we make some preparation on adic and perfectoid spaces. In particular, we prove the 
existence of the etale quotient of a perfectoid space under a free action of a finite group. In 
section 3, we first review the constructions of Deligne, Moonen and Kisin as the motivation 
of our construction. Then after the preparation of the construction on the scheme level, we 
prove our main theorems on perfectoid Shimura varieties of abelian type and the Hodge- 
Tate period map on them. In section 4, we study an example, namely Shimura varieties of 
orthogonal type. In a special case, these varieties are closely related to the moduli spaces 
of polarized K3 surfaces. Then we prove that these moduli spaces with infinite level at p 
are also perfectoid, by using our main theorem. 

1.4. Acknowledgments. I would like to thank Laurent Fargues for his constant encour¬ 
agement and support in mathematics. I would also like to thank Peter Scholze sincerely, for 
his encouragement, suggestions, and his series works with deep insight on perfectoid spaces, 
which provide the cornerstone for the birth of this article. I should thank Ruochuan Liu for 
pointing out the precise reference in [10] . I wish to express my gratitude to Benoit Stroh for 
pointing out some gaps of arguments on adic spaces in the previous version. Also, I want to 
thank Liang Xiao for proposing some useful questions. I would like to thank Brian Conrad 
for helpful comments which make some parts of this paper more clear. Finally, I should 
thank the referee(s) for careful reading and valuable suggestions. This work was supported 
by the SFB 1085 “Higher Invariants” of the DFG. 

2. Some preliminaries on adic spaces 

We make some preparation on adic spaces in this section. We will use the conventions of 
Scholze on adic spaces in [29] section 4, see also m 2.1. 

2.1. A brief review of adic spaces. Consider the category CAff°P, opposite of the cat¬ 
egory of complete Huber pairs {A,A^). We give it the structure of a site by declaring a 
cover of {A,A^) to be a family of morphisms (A, A"*") —(Aj,A^), such that (Aj,A^) = 
{Ox{Ui),0^{Ui)) for a covering of A = Spajop(A, A+) by rational subsets Ui C X. Here 
Spajop(A, A+) is the topological space (adic spectrum) associated to (A, A+), i.e. the set of 
equivalence classes of continuous valuations | — | on A which satisfy lA+l < 1, equipped the 
topology generated by rational subsets. Let Spa(A, A+) be the sheafification of the presheaf 

(B, B+) ^ Hom((A, A+), (B, B+)) 

on the site CAff°P. An adic space is a sheaf on CAff°P such that locally (cf. |31) Definition 
2.1.5 for the precise meaning) it is of the form 

Spa(A, A"*"). 

The category of adic spaces is denoted by Adic. In particular, this category is larger than 
that studied by Huber in [8], where Huber restricted to the adic spaces built from those 
(AjA"'') G CAff°P such that the pre-structure sheaves Ospa.^^^{A,A+) are sheaves. The adic 
spaces in loc. cit. are called honest adic spaces in [29] and |3T|. The category of honest 
adic spaces is denoted by Adic^, which is a full subcategory of Adic. 

Let A: be a non-archimedean field, by which we mean a field that is complete with respect 
to a nontrivial non-archimedean rank one valuation. We will work with the category 

Adic/Spa(fe, k°) 

of adic spaces over k, where k° is the integer ring of k. We denote this category as Adic^ 
for simplicity. Correspondingly, we consider complete Huber pairs over (k,k°), and denote 
this category as k — CAff°P. We have the full subcategory Adic^ of honest adic spaces over 
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k. The full subcategory of Adicfc (resp. Adic^) consisting of analytic adic (resp. analytic 
honest adic) spaces over k will be denoted as Adic^ (resp. Adic^^). By [29] Proposition 

4.5.2, any analytic adic space X over k is the colimit of a diagram of affinoid adic spaces 
Spa(A,A'’'), with A Tate /c-algebras. We remark that the adic spaces studied in |24j are 
exactly objects in Adic^^. 

Recall that an adic space X over k is called locally noetherian, if it is locally of the form 
Spa(A,A'’'), where A is a strongly noetherian Tate A;-algebra. These spaces form a full 
subcategory of Adic^^, which contains the essential image of the fully faithful functor 

{rigid analytic spaces over k} —)• Adic^^ 

associating a rigid analytic space its corresponding adic space over k, cf. [H], p.42. 

When A: is a perfectoid field, there is another full subcategory Perf^ of Adic^^, the category 
of perfectoid spaces over k, cf. [23] Theorem 6.3. 

2.2. Inverse limits of adic spaces. We recall the following definition, which will be 
crucial to our study of perfectoid Shimura varieties in the next section. 

Definition 2.2.1 (|3I] Definition 2.4.1). Let {Xi)i^i he a filtered inverse system of adie 
spaces with quasicompact and quasiseparated transition maps, let X be an adic space, and 
let fi : X ^ Xi be a compatible family of morphisms. We write X ~ lim . Xi if the map of 
underlying topological spaces |^| —)■ (im . \Xi\ is a homeomorphism, and if there is an open 
eover of X by affinoid Spa(A, A+) C X, such that the map 

lirp Aj —)• A 

Spa(Ai,A+)cXi 

has dense image, where the direct limit runs over all open affinoid 

Spa(Aj, A+) C Xi 

over which Spa(A, A+) G X ^ Xi factors. 

Sometimes we will not mention the compatible family of morphisms fi : X ^ Xi explic¬ 
itly: once we write X ~ Ijm. Xj, we mean that there exists such a family of morphisms, 
which is usually clear from the context. 

We have the following immediate lemma, which may be implicitly contained in m and 

Ian- 

Lemma 2.2.2. In the setting of Definition \2.2J\ let Yi G Xi be a locally closed subspace 
for each i and these Yi form a subsystem, i.e. {Yi)i&i forms a filtered inverse system under 
the induced transition maps sueh that Yj Yi XXi Xj for any j > i. Then there is a locally 
closed subspaee Y G X such that 

Y ~ 

i 

Moreover, Y G X is an open (resp. a closed) subspaee if the system Yi is an open (resp. 
a closed) subsystem of Xi. In particular, if X is a perfectoid space over a perfectoid field 
k and the system Yi G Xi is an open subsystem of adic spaces over k, then Y is also a 
perfectoid space over k. 

Proof. Indeed, we may assume that for any i,Yi G Xi is locally closed. Then for any j > i, 
we have Yj c^Yi XXi Xj —)• Xj with the composition giving the inclusion. Set Y = Yi XXi X, 
which does not depend on i. Then by Proposition 2.4.3 of m, we have 

Y ~ 
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Since C Xj is locally closed, the base change map Y = Xj X — )■ X is a locally closed 

immersion. By the same argument, Y C X is an open (resp. a closed) subspace if the 

system Fj is an open (resp. a closed) subsystem of Xj. □ 

Recall that a complete Huber pair (H, A~^) € k — CAff°P with A a Tate fe-algebra is called 

stably uniform, if Ox{U) is uniform, i.e. the subring of power-bounded elements Ox{U)° is 
bounded, for all rational subsets U C X = Spa(H, H"*“). If {A,A'^) is stably uniform, then 
it is sheafy, i.e. X = Spa(H, H"'') is an honest adic space over k, cf. [2] Theorem 7. The 
following lemma is the global version of m Proposition 2.4.2, which asserts the existence 
of X in Definition l2.2.1l in some cases. 


Lemma 2.2.3. Let k be a non-archimedean field, and be a filtered inverse system 

of adie spaces over k with finite transition maps. Suppose that for any affinoid subsystem 

Spa(Hj,H^) C Xj, the w-adic completion {A,A'^) = YwpfiAj, Af ) is stably uniform, where 
w is a pseudo-uniformizer of k. Then there exists an adic space X over k, with a compatible 
family of morphisms, such that X ~ lim . Xj. 


Proof. By the assumption that {A,A'^) = liip,(Hj, Af) is stably uniform, in the above 
Lemma 2.2.2 if each Ij = Spa(Hj, H)*") C Xj is a rational subspace, then Y = Spa(H,H^) 


with {B, B^) = liip,(Hj, Bi^). Therefore, we can reduce to the affinoid case: Xj = Spa(Hj, Af) 
with {Ai,Af) G /c — CAff°P. Since we are working over a base field k, all the transition 
maps are adic. Let X = Spa(A, A"*") with 


(A, A+) = lii^(Ai, A+), 

i 


where the completion is taken with respect to the tu-adic topology. Then by m Proposition 
2.4.2, X satisfies the requirement. □ 


Let the situation be as in the above lemma. Fix an ig G I. Suppose that all the adic 
spaces Xj are locally noetherian, and for any i > io, the transition map Xj —)• Xjg is etale. 
Then the presentation X' := ^m .^, Xj defines an object in the pro-etale site Xj^^proet- The 

adic space X constructed in Lemma 2.2.3 is denoted by X' in [25] section 4. 


How about the uniqueness of the space X in the setting of Definition 2.2.1? In general, 
not much is known. However, if X is perfectoid, then m Proposition 2.4.5 says that X 
is unique among perfectoid spaces satisfying the condition in Definition 2.2.1] In this case, 
X is locally constructed as in the Lemma 2.2.3 More precisely, we have (see also 
Proposition 2.22) 


Lemma 2.2.4. Let k be a perfectoid field with residue field of characteristic p, (Xj)jg/ 
be a filtered inverse system of adic spaces over k, with finite transition maps, and X be 
a perfectoid space over k such that X ~ ^m , Xj . Fix an ig G I. Then there exists an 
affinoid covering (Spa(Aj(,, A)|))) of Xi^, such that the pullbacks Spa(A, A+) o/Spa(Ajg, T,) 
under X —)■ Xj^ form a perfectoid affinoid covering of X (i.e. A is a perfectoid k-algebra). 
Moreover, for each Xj —)■ Xj^ with i > ig, let Spa(Aj, A)*") be the pullback of the affinoid 
Spa(Ajg,A+). Then 

(A, A+) ~ linr (Aj, A+), 

i 

where the completion is taken with respect to the w-adic topology (as before, w is a pseudo- 
uniformizer of k), and 

Spa(A,A^) ~ ^m Spa(Aj, Af). 
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Proof. Take any affinoid covering (Spa(^i(,, of Xi^, let Spa(^i, 74 d) be the pullback of 
the affinoid Spa(74ip,for each Xi —)> Xjp with i>io. Set 

{A,A~^) ~ l\^{Ai,Af). 

i 


By Lemma 


2 . 2.2 


Spa(^, A'^) C X is an open subspace, and Spa(X, A'^) ~ lim . Spa(^i, Af). 
By refining the affinoid covering (Spa(^i(,, of Xjp if necessary, we get that ^ is a 

perfectoid fe-algebra. These perfectoid affinoid subspaces Spa(^, form a covering of 
X. □ 


We fix a perfectoid field k with residue field of characteristic p throughout the rest of 
this section. Let {Xi)i^i be a filtered inverse system of adic spaces over k, with finite 
transition maps. If the conditions in Lemma 2.2.3 are satisfied, we get an adic space X over 
k, such that X 


^m ^ Xj. By Lemma 
candidate for being perfectoid. 


2.2.4 


and [31] Proposition 2.4.5, this space is the only 


2.3. Etale quotients for finite groups actions on perfectoid spaces. Let X G Perffc 
be a perfectoid space, equipped with a right action over fe of a profinite group G. We say 
that this action is free, if the natural map 


X X G ^ X XkX, 


with the natural projection on the first factor and the group action on the second factor, is 
functorially injective (i.e. a monomorphism). Here, X x G is the perfectoid space associated 
to (in the sense of Definition 2.2.1) lim ^ X x G/H, where H runs through the set of open 
normal subgroups of G, and X xG/H is a finite disjoint union of copies of X. This is also the 
fiber product over /c of X and (the perfectoid space associated to) G, see Lemma 2.4.1 (and 
Lemma 2.4.2). In the above setting, leti2 = XxG—>-XXfcXbe the functorial equivalence 
relation defined by the free action of G on X. We denote by X/G the sheafification of the 
presheaf 


Y ^ X{Y)/R{Y) 

on the category Perf^ equipped with the pro-etale topology (cf. [29] 8.2). By definition, 
X/G is then a diamond, cf. loc. cit. 8.2.8. We would like to know whether this diamond 
is representable. Examples in (Proposition 10.2.6) show that, contrary to the cases of 
schemes m) and rigid analytic spaces ( |1| ), one should put additional structures to ensure 
that the quotients as adic (perfectoid) spaces exist, if we only require the group G to be 
profinite. More precisely, if G is a profinite rather than finite group, then Proposition 10.2.6 
of [29| says that there exists a finite universal homeomorphism f :Y —)• X' of two different 
locally noetherian adic spaces, such that Y and Y' have the same perfectoid profinite Galois 
cover X with Galois group G, and the associated diamonds of Y and Y' are isomorphic via 
/. In this case, the quotient of X by G as a diamond exists uniquely, but both Y and Y' 
can be natural candidates of quotients of X by G as adic spaces. Therefore, we assume 
that G is a finite group, and this will be the only case that will be used later. Then it is 
enough to consider the category Perf^ equipped with the etale topology, cf. (Hj section 7. 
The following proposition is an analogue of [6| Theoreme 4.1 of Expose V and |1| Lemma 
3.2.1. 


Proposition 2.3.1. Let {A,A'^) he an affinoid perfectoid k-algebra. Assume that X = 
Spa(74, A'^) is equipped with a free right action of a finite group G over k. Consider the 
induced G-action on {A,A'^). Set 

B = A^, = {A+)^, 
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the G-invariant subalgebras of A and A'^ respectively. Then the following statements hold 
true. 

(1) is a stably uniform affinoid Tate k-algebra. In particular, Y = Spa{B,B^) 
is an analytic honest adic space over k. 

(2) The etale sheaf associated to Y on the category Perf^ is given by X/G with the above 
notation. Moreover, the natural morphism X ^ Y is a finite etale Galois cover with 
Galois group G. 

(3) Y is a perfectoid space. 


Proof. (1) Let Aq G A he a ring of definition. For any g € G, Aog C ^ is also a ring of 
definition. We want to first find a ring of definition stable under the G-action. Let A° C A 
be the subring of powerbounded elements. Then A° is stable under the G-action on A. 
Indeed, by |24j Definition 2.6 (i), there is a subring Aq C A such that aAQ,a € k^ forms a 
basis of open neighborhoods of 0. For any x G A°, by definition, there exists some a € k^ 
such that {x'^l n > 0} C oAq. Let G G be any element. Then aA^g, a G k^ also forms a 
basis of open neighborhoods of 0, and {{xg)^ \ n > 0} C aA^g. Therefore {{xg)'^ \ n > 0} is 
bounded, i.e. xg G A°. Since A is perfectoid, A° is bounded, therefore a ring of definition. 
The fact that B = A^ is a Tate /c-algebra is now clear, since aA°^, a G k^ forms a basis of 
open neighborhoods of 0. By construction, we have B° = A°^, which is bounded, and 

B+ = Bn A+ = {A+)^ C B° 


is an open and integrally closed subring. Hence {B, B~^) is an affinoid Tate /c-algebra. 

Since A is perfectoid, therefore stably uniform. Let /i, ..., fn, g G B such that (/i, ..., fn)B 
is open in B. Let Ui C Y = Spa{B,B^) be the rational subset defined by these elements. 
By viewing /i,..., fn,g as elements of A by the inclusion B C A, we get rational subset 
U 2 G X = Spa(H, A'^). We have 


9 9 9 


,jrf = {Ox{U2rf, 


2.3.3 


below. There- 


where , • • • , and A{y, ■ ■ ■ , are as in the proof of Corollary 
fore B{^, • • • , ^)° is bounded, and {B,B~^) is stably uniform. 

(2) By assumption, XxG^Xx^X is a monomorphism. We view G as the constant 
group scheme over k, and let k[G] be the associated group algebra. Write 


Z = X xG = Spa(G, G+), W = X XkX = Spa{D, D+), 


where G = A®k k[G\,D = A A. Then arguing in the same as [7] Proposition 5.3.8, 
we get that the diagonal map 5z/w '. Z ^ Z Xw Z is aa isomorphism, which implies that 
G ~ G (8>z) G as complete Huber rings. This implies in turn that 


Spec(H) X G —)• Spec(H) Spec(H) 

is a monomorphism by [7] Proposition 5.3.8. Therefore, by [6] Expose V, Theoreme 4.1, 
A is integral over B = A^, and we get an etale quotient of the affine scheme Spec(H) 
by the free right action of G, which is given by Spec(i?). Moreover, the natural map 
Spec(H) —)■ Spec(B) is a finite etale Galois cover with Galois group G, and we have an 
isomorphism 

Spec(H) X G ~ Spec(H) Xspec(B) Spec(H), 
i.e. an isomorphism of rings 


G = A®k k[G] A®B A. 
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By loc. cit. A~^ is integral over = (j 4+)^. Therefore, the natural morphism X —)• T is 
a finite etale Galois cover with Galois group G. In particular, Y = X/G as etale sheaves on 
Perffc. 

(3) Recall [inj Proposition 3.6.22 (a) says that, if R —)• A is a morphism of uniform 
Banach algebras such that A is perfectoid, and A is faithfully finite etale over B (i.e. the 
map B ^ A is finite etale and faithfully flat), then A is also perfectoid (here we have 
switched the notations A and B as opposed to those in loc. cit.). Now, Spa(A, ^■'■) is by 
assumption perfectoid, by statement (2) B ^ A is faithfully finite etale. Thus Spa{B,B^) 
is also perfectoid. □ 


The following corollary is immediate. 

Corollary 2.3.2. Let X G Perf^ be a perfectoid space, equipped with a free right action of a 
finite group G. Assume that there is an affinoid perfectoid covering of X with each affinoid 
space stable under the action of G. Then there is a perfectoid space Y over k, together with 
a natural morphism X ^Y which is a finite etale Galois cover with Galois group G, such 
that as etale sheaves on the category Perf^, we have the equality Y = XjG. 

The next corollary says that in the above situation, the etale quotient Y is also a “geo¬ 
metric quotient”, as in the case of schemes. 


Corollary 2.3.3. 

Let the situation be as in the above corollary. The associated map of adic spaces vr : X —)• 
Y induces that 

(1) \Y\ = \X\/G as topological spaces, 

(2) {Oy,Oy) = ((vr^Ox)*^, where (resp. is the G- 

invariant subsheaf of {tt^Ox) (resp. (7r*C>J^)j. 


Proof. Since we have the equality of etale shaves Y = XjG, the associated topological spaces 
satisfy |y| = IX/G*! = \X\/G. The second statement can be easily verified by looking at 
all rational subsets of Y. Indeed, we check the equality (C>y,C>y) = (^{tt^Ox)^, (7r*Oy)^) 
on rational subsets as follows. Let /i, ...,/„, g G B such that {fi,..., fn)B is open in 
B. Let Ui C Y = Spa{B,B~^) be the rational subset defined by these elements. By 
viewing fi,...,fn,g as elements of A by the inclusion B C A, we get rational subset 
U 2 C X = Spa(^,^4+). By construction, we have U 2 = 7r“^(17i). Consider the complete 
Huber pair 

Oy{Ui) = B{^, • • • , ^), 0+([/i) = • • • , ^)+, 

9 9 9 9 

where B(y, • • • , =y) is the completion of B[y, • • • , ^], and • • • , is the com¬ 
pletion of the integral closure of • • • , ^] in B[y, • • • , 'y]- Similarly, we have the 

complete Huber pair 


Ox{U 2 ) = • • • , ^), 0 +{U 2 ) = A{^y- - , 

9 9 9 9 


We have 


9 9 9 9 9 9 9 


B{ — 
9 
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Moreover, the following commutative diagram is cocartesian: 

(B, B+)-> (^, A+) 


(Mi, 


Jn \ 'D(lx /n \+ \ 

'> g ' g '> '' g ' ' 


/n \ + ^ 




Therefore, we get (C>y,C>y) = ((vr^Ox)*^, . 


□ 


We return to the situation as in Definition 2.2.1 In this paper, we will always assume 


that the adic spaces Xi in Definition 2.2.1 are locally noetherian over k. In fact, we will 
only work with adic spaces associated to rigid analytic spaces over k, or even adic spaces 
associated to schemes of locally of finite type over k. The following proposition will be used 
crucially in the next section. 


Proposition 2.3.4. Let X and {Xi)i^j be as in Definition 2.2.1. with X G Perf^ perfectoid, 
Xi G Adic^^ locally noetherian. Let {Yi)i^i be another filtered inverse system of locally 
noetherian adic spaces over k with finite transition maps. Assume that there is an adic 
space Y over k such that Y ~ ^im . Yj. Suppose that for each i, there exisits a finite etale 
morphism of locally noetherian adic spaces Xi —)• Yi over k, and these morphisms are 
compatible with the transition maps of the two systems. Suppose further that there exists 


an if) ^ L such that - 
the pullback of Xi^ —>• Yi^ 
diagrams are cartesian 


Yi 


ig is a surjection, and for any i>io, the morphism Xi 


Yi is 


under the transition map Yi —)• Yi^. In other words, the following 


Xi 


Yi 


X., 


*0 




*0 


for all i > if). Then Y is perfectoid, and there exists a finite etale morphism X ^ Y, which 
is the pullback of Xi ^ Yi for any i > if. 

Proof. We may assume that Xi = Spa(Aj,A^), X = Spa(A, A+), Yi = Spa{Bi, B^) , 
Y = Spa{B, B~^) are affinoid, with 

(A,A+) = l^(Ai,A+), {B,B'^) = liTQ.{Bi,Bf) 

i i 

and A a perfectoid A:-algebra. By assumption, we get finite etale morphisms of affinoid 
A:-algebras 

{B„B+)^{A„At), 

taking limit and ru-adic completion {w is a pseudo-uniformizer of k) we get a finite etale 
morphism 

{B,B+)^{A,A+), 

which is the pushforward 

{B„Bt) - 


{B,B+) 


{A,A+) 


for any i > if. By assumption, Ai is a faithfully finite etale Bj-algebra (see the proof of 
Proposition 2.5 (3)), hence A is a faithfully finite etale B-algebra. As A is perfectoid, by 
[To] Proposition 3.6.22, B is perfectoid too. □ 
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In the next section, we will apply the above proposition in the case that Xj —)■ are 
finite etale Galois covers with Galois groups Gj, such that the groups Gi are constant for i 
large enough. Let G = Gi for i sufficiently large, then it acts freely on X. Let X, (X*), (Xj) 
be as in the above proposition, but without the assumption of the existence of Y. 


Corollary 2.3.5. There exists an affinoid perfectoid covering of X with each affinoid space 
stable under the action of G. In particular, the quotient X/G exists as a perfectoid space 
Y by Corollary\2.3.S\ Moreover, Y ~ l^m. Yj. 


Proof. Let Spa(i?i, C X be an affinoid space. Let Spa(^i, Af) C Xj be the inverse im¬ 
age of Spa(i?j, ) under the finite etale Galois cover Xi ^ Yi. Set {A, A'^) = lin^ .(^i, Af), 
then shrinking Spa(i?i, if necessary, these Spa(A, form an affinoid perfectoid cov¬ 
ering of X with each affinoid space stable under the action of G. Let Y = X/G be the 
perfectoid space constructed by Gorollary|2.3.2[ As G = Gi for i sufficiently large, it is easy 


to see Y 




□ 


2.4. Some useful lemmas. The following lemma will be used. 

Lemma 2.4.1. Let X be a profinite set, and k be a perfectoid field as above. Then there 
exists a perfectoid space X“'^ over k, such that the underlying topological space |X“'^| is 
homeomorphic to X. 

Proof. See [29] Remark 8.2.2. It is given by X“'^ = Spa{R,R~^) with R (resp. R'^) the ring 
of continuous functions from X to A: (resp. k°). □ 


If we write X = ^im . Xj with each Xj finite, then the above perfectoid space X“'^ is 
such that X°‘'^ ~ ^im. X?*^, where X?'^ is the finite perfectoid space over k attached to Xj. 
Sometimes by abuse of notation, we denote also by X the perfectoid space associated to 
the profinite set X. 

The next lemma will not be used explicitly in the following but it is useful in the setting 
of products of Shimura varieties. 


Lemma 2.4.2. Let {Xi)i^j and {Yi)i^j be two filtered inverse systems of adic spaces over k 
as in Definition 2.2.1. Let X,Y be adic spaces over k such that X ~ (im^ Xj, Y ~ ^im ^ Yj. 
Then we have 

X Xfc y ~ limXj Xfc Xj. 

i 

Proof. One checks directly by definition. □ 


3. Perfectoid Shimura varieties of abelian type 

To motivate our construction, we begin with some review of the theory of geometric 
connected components of Shimura varieties. For a connected reductive group G over Q, we 
denote by and G“'^ the associated derived subgroup and the adjoint group respectively. 
The identity element of a group will be denoted by e usually. 

3.1. Geometric connected components of Shimura varieties. 


O 

See Remark 


3.3.7 
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3.1.1. The rational case. As in [5], an important technique for proving results about Shimura 
varieties is the reduction to a problem about connected Shimura varieties. We first review 
some constructions in [5]. 

Let {G, X) be a Shimura datum. We consider the associated connected Shimura varieties. 
So fix a connected component X~^ of X, and consider the triplet , X~^). For any 

open compact subgroup K C G{Af), let Shi^(G', X)c be the associated Shimura variety 
over the complex field C. Consider the inverse limit 


Sh(G,A)c = ^Sh,^(G,A)c, 

K 


which is a scheme (not of finite type) over C. Let Sh*^(G, X)c be the connected component 
of Sh(G, X)c containing the image of X^ x {e} C A x G{Af), which is also given by the 
projective limit 

Sh^{G,X)c = l^Sh%{G,X)c, 

K 

with Sh^{G, A)c defined as the connected component of ShxiG, A)c containing the image 
of A+ X {e} C A X G{Af), for each K C G{Af). The scheme Sh°(G,A)c depends only 
on A"*"). More precisely, let be the connected component of G“‘^(]R) 

containing the unit for the real topology, and let n We 

define t{G^^^) to be the linear topology on for which the images in of 

the congruence subgroups in form a fundamental system of neighborhood of the 

identity. Then the connected Shimura variety Sh^(G, A)c is given by the projective limit 
(cf. [5] 2.1.8) 

ShO(G,A)c = ^r\A+, 
r 

where F runs through the arithmetic subgroups of G“'^(Q)'’“ which are open in r(G'^'^’’). 
Here and in the following, we use the convention as in m 2 . 1.2 and |21] 1.5: we view F\ A"*" 

as the algebraic varieties over C by using the complex GAGA. The system ^F \ A"*"^ is 

equipped with an action on the right of G“'^(Q)'*“ by 




F\ A+^ 7 -^F 7 \ A+, [x]^[j-^x\ 

for any 7 G G“'^(Q)'''. Therefore, the scheme Sh‘^(G, A)c_ is equipped with a continuous 
action on the right (see the paragraph above Proposition 3.3.2) of the completion 
of G“‘^(Q)+ for the topology T{Gd^ry We will denote this completion also as 


G“'^(Q)+^(rel.r(G‘^^^)) 


to make precise the topology. Since HF = 1, where F runs through arithmetic sub¬ 
groups of G°‘d(^Q'j+ open in the topology r(G'^®’'), we can identify G“'^(Q)'’' as a subgroup 
of G“‘^(Q)'''^. Sometimes we also denote the connected Shimura variety Sh‘^(G, A)c by 
Sh0((7arf, (^cier, A+)j^. In fact, for any triplet (G,G', A+) consisting of an adjoint group G, 
a cover G' of G, and a G(M)+-conjugacy class of morphisms h : S —)> Gr which satisfy the 
axioms as in the definition of a Shimura datum (cf. [5] 2.1.1.1-2.1.1.3), we can define the 
scheme Sh^(G, G', A+)c in a similar way as above, cf. m 11.1 for example. 

Let the notations be as above. We can recover the scheme Sh(G, A)c from the connected 
scheme Sh*^(G, A)c. First, we recall the construction of [5] 2.0.1, see also m 3 . 3 . 1 . Let G 
be a group equipped with an action of a group H, and F C G a Ff-stable subgroup. Suppose 
given an Ff-equivariant map (p : T ^ H, where H acts on itself by inner automorphisms, 
and suppose that for 7 G F, (/ j (7) acts on G as inner conjugation by 7. Then the elements 



PERFECTOID SHIMURA VARIETIES OF ABELIAN TYPE 


15 


of the form (7,(/5(7) form a normal subgroup of the semi-product G yi H. We denote 

G H 


the quotient of G xi by this normal subgroup. Now we return to the previous notations. 
Let Z C G he the center of the reductive group, and we denote by Z{Q) the closure of Z{Q) 
in G{Af). Let G(M)+ be the preimage of G'^^{R)~^ under the map G(M) —> G“'^(M). Set 
G(Q)+ = G(Q) n G(M)+,G'^^^(Q)+ = n G(Q)+. We get natural maps G(Q)+ ^ 

^ G“'^(Q)+. Following Kisin, we denote 

^(G) = G(A;)/^ *Gm+/zm 

By [5] 2.1 .13, this group acts on the right on Sh(G, X)c. Let G(Q)_,_ be the closure of 
G(Q)+ in G{Af) and set 

^(G)0 = *G(QU/zm G'“‘'(Q)+. 

Then ^(G)*^ depends only on G'^®'’. In fact, we have the equalities (cf. [5] 2.1.15.1, 2.1.6.2) 

^(G)° = G“'^(Q)+^(rel.r(G^"’')) 

= G*^+ G“''(Q)+ 

= p(G-(Ay)) =.r G“"(Q)+, 

where p : G^'^ —)■ G'^®^ is the simply connected cover, and 

r = p(G""(Ay)) n G^^^Q) c G'^""(Q)+. 

The group ^(G) acts transitively on the set 7ro(Sh(G, X)c) of connected components of 
Sh(G,X)c, and the stabilizer of the component Sh'^(G, X)c is given by ^(G)*^. The action 
of ^(G)*^ on Sh‘^(G, X)c, induced by that of ^(G) on Sh(G, X)c, coincides with the right 
action described in the above paragraph. In particular, the profinite set 7ro(Sh(G, X)c) is 
a principal homogenous space under the abelian group 

^(G)M(G)° = G{Af)/mm+, 

cf. [5] 2.1.16. There is an ^(G)-equivariant map 

Sh(G,X)c^G(A^)/^+, 

and the scheme Sh^(G, X)c is isomorphic to the fiber at e of this map. On the other hand, 
the scheme Sh(G, X)c can be recovered by Sh°(G, X)c by some induction from ^(G)*^ to 
A{G) in the following sense: 


Proposition 3.1.1. We have the following identity 

Sh(G,X)c = [.4(G) X ShO(G,X)c]/.4(G)°, 
where .4(G)° acts on the scheme A{G) x Sh°(G, JT)c by (7^ s)7 = , s'j). 


Proof. See [5] Lemme 2.7.3 (cf. Proposition 3.3. 2| below) and the paragraph under it. □ 


For later use, we need to consider the following situation. Let (G, G', X"*") be a triplet as 
before, and let G" be another cover of G which is a quotient of Gh Consider the group 

A = Ker(^G(Q)+^(rel.r(G')) ^ G(Q)+^ (rel.r(G"))) ■ 

Then it acts on Sh^(G, G', X"*"). This action comes from group actions on the finite levels 
as follows. Let K C G'(Aj) be an open compact subgroup. Write the covering maps by 
(/>! : G' ^ G, (p 2 : G" ^ G, TT : G' ^ G" with (fi = <p 2 0 vr. Set 

Fi = cfi[Kr\ G'(Q)+), T 2 = ct >2 (vr(X) n G"(Q)+). 
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Then Ti C r2, since we have 


G'(Q)+) C ti{K) n G"(Q)+. 


Set 

A(x) = r2/ri, 

which is finite. The natural map 


Ti \ x+ ^ r2 \ 

is a finite Galois cover with Galois group A(ifr). As K C G'(Aj) varies, these groups r 2 
(resp. Ti) form a fundamental system of neighborhood of the identity for the topology 
(resp. t{G')). Moreover, these finite Galois covers Ti \ A+ —>• r 2 \ X~^ form an 
inverse system with compatible Galois groups. 


Proposition 3.1.2. (1) We have A ~ ^im^ A(it'). 

(2) A acts freely on Sh'^(G, G', A''')c and we have 

Sh°(G,G", A+)c = ShO(G,G',X+)c/A. 

Proof. (1) Directly by the above construction. 

(2) Since Ti \ X~^ —>• r 2 \ X~^ is a A(ifr)-torsor, taking the limit over K, we see that 

ShO(G, G', A+)c = ^Ti \ A+ ^ ShO(G, G", X+)c = ^r 2 \ X+ 

K K 

is a ^m ^^ A(ii')-torsor. By (1), A ~ ^im ^^ A{K). In particular, the assertions in (2) hold. □ 

Remark 3.1.3. The equality Sh°(G, G", A+)c = Sh*^(G, G', A+)c/A also follows from [3] 
2.7.11 (b). 

Remark 3.1.4. (1) The arithmetie subgroups of the form Im^/C n G'(Q)+ —)• G(Q)'’'^ 

for K C G'{Af) open compact defines a cofinal system in the family of all arithmetie 
subgroups in G{Q)~^ which are open in the topology t{G'). 

(2) If {G,X) is a Shimura datum, for any open compact subgroup K C G{Af), we have 
the Shimura variety Sh 7 i'(G, A)c. Consider the connected component Sh5j'(G,X)c. 
It is of the form T \ X~^, where 

T = lm(^Kn G(Q)+ ^ G“'^(Q)+), 

which is in general larger than 

r' = im(^A: n g‘^'=’'(Q)+ ^ g“'^(Q)+) , 

cf. [20] Remark 5.23. However, when studying the conneeted Shimura variety 
Sh°(G, A)c = lim ^^ Sh^f (G, X)c = lim^^ T \ A+, we can work with the cofinal fam¬ 
ily ^T' \ . This family will be more convenient in some situation, e.g. to 

understand the action of A on finite levels. 


3.1.2. p-integral case. In |21] and m Moonen and Kisin have adapted the construction in 
3.1.1 to the setting of integral canonical models of Shimura varieties. Let us briefly review 
their construction in the following. Before going on, let us first make two remarks. Firstly, 
that the “p-integral case” in the title of this subsection refers only to the level structure, in 
the sense that we will only work with the Shimura varieties over C or Cp, in any case only 
with the generic fibers. Secondly, we will appeal to the construction in this subsection for 


a different prime I p and it will allow us to exhibit a finite group A in Proposition 3.2.6 
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which we can then quotient by as in section 2. Thus from this point of view, the prime p 
below will be switched to i later. 

Fix a prime p. Assume that the reductive group G is unramified at p in the rest of this 
subsection. Let Gzfp, be a reductive group over Z(p) with generic fiber G. We write G{Z(^p)) 
and G{Jjp) for and Gzi^p-^C^p) respectively. Consider the following scheme 

^^GiZp){G,X)c = limSh(;(z^)j:^p(G, X)c, 

KP 

where runs through the open compact subgroups of G{A^j). Similarly, consider the 
connected component Sh^^^ ^(G, X)c of Shc>(gp)(G, X)c containing the image of X"''x{e} C 
X X G{Af), which is given by the projective limit 

X)c, 

KP 

where for any K^, the scheme ^^G('Lp)KP ^)c is the connected component of 'Sh.G{'Lp)Kp {G, X) 
containing the image of X+ x {e} C X x G{Af). By [2T] section 3 and m 3.3, we can 
adapt Deligne’s construction above to this setting. Namely, we have 

Sh^(^^)(G,x)c = ^r\x+, 
r 

where 

r = Im(^[G'^"’'(Q)+ n G{Zp)KP] 

for some open compact subgroup RP C G(Ap. Consider the group G“‘^(Z(p)). Let r(Gi') 
be the linear topology on G“'^(Z(p)) having as a fundamental system of neighborhoods of 
the identity the images of the {p, oo}-congruence subgroups G'^®'’(Z(p)) n RP, where RP is 
an open compact subgroup of G(Aj). Then in the above projective limit 

Sh^(2^)(G,x)c = ^r\x+, 
r 

r runs through the {p, oo}-arithmetic subgroups of G“'^(Z(p)) which are open in t{G^^^). On 
Sh^(g^)(G, X)c we have a continuous action of G“'^(Z(p))+^, the completion of G“'^(Z(p))''' 
relative to t{G^^^). If we need to specify the topology, we will denote this group by 

G“-'(Z„))+yrel.T(Gi")). 

Let be the center of Gi^^y Write G(Z(p))+ = G(Z(p)) n G(Q)+ and let Z(Z(-p)) be 
the closure of in Z{A^j) and G(Z(p))_|_ be the closure of G(Z(p))+ in G(A^). Set 

mz,„) = G(Ap/Z(Z^G“''(Z,rt)+ 

and 

A{az,J = 

The latter depends only on and it is just the completion G“'^(Z(p))+^ (rel.r(G|®^p). 

We can recover the scheme ShG(Zp)(G, X)c by Sh^^^ ^(G, X)c by induction from 
to ^(Gz(p)) (cf. IH] Proposition 3.3.10) 

ShG(Zp)(G',X)c = [-4(Gz(^)) X ShO^(^^)(G,X)c]M(Gz(^))°. 

By m Lemma 3.3.3, we have 

^(Gz(^))M(Gz(^))° = -4(G)0 \ ^(G)/G(Zp) = \ G(A^)/G(Zp). 
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As before, there is an )-equivariant map 

ShG(z,)(G, A)c ^ 

and the scheme Shg^ 2 ^^(G, A)c is isomorphic to the fiber at e of this map. 

Clearly, for any triplet [Q,Q\X~^) consisting of an adjoint group Q over a cover Q' 
of Q, and a G(M)^-conjugacy class {G := ^q) of morphisms h : S —)■ Gr which satisfy the 
axioms as in the definition of a Shimura datum, we can define the scheme Sh^(^, A'’')c 

in the same way. Let {Q, Q\ X^) be such a triplet, and let G' —)■ G" be a central isogeny for 
another cover G" of G- Consider the group 

A = Ker(g(Z(p))+^(rel.r(g')) ^ a(Z(p))+^(rel.r(g"))), 

which is a finite group by |TT] 3.3.9 or [2T] 3.21.1. This group A acts freely on Sh°(^, G', -T+)c 
and we have (cf. [2T] 3.21.1) 

Sh°{G,G",X+)c = Sh°{G,G',X+)c/A. 


This quotient can be understood on finite levels as in the paragraph above Proposition 3.1.2 


3.2. The algebraic construction. Let us first review the definition of a Shimura datum 
of abelian type. 


Definition 3.2.1. (1) A Shimura datum {G,X) is called of Hodge type, if there exists 

an embedding into a Siegel Shimura datum {G,X) ^ (GSp2g,5^). 

(2) A Shimura datum (G,X) is called of abelian type, if there is a Shimura datum 
(Gi, Ai) of Hodge type, together with a central isogeny Gf®^ —)• which in¬ 

duces an isomorphism between the associated adjoint Shimura data {Gf’^,Xf^) —)• 

If (G, X) is a Shimura datum of abelian type, the associated Shimura varieties Shi^(G, X) 
are called Shimura varieties of abelian type. Note that in (2) of the above definition, we 
have an isomorphism of Hermitian symmetric domains X~^ ~ Xf. The simple factors in 
G^d Shimura data of abelian type are classified in [3] 2.3.8. It includes simple groups of 
types A, B, C, and most parts of type D, cf. loc. cit. for more details. Among all Shimura 
varieties, those of abelian type form an important and in fact the main class. These varieties 
were studied in many places, for example see mmm- 

Remark 3.2.2. If {G,X) is a Shimura datum of abelian type, by Lemma 3. 4 .13 o/[II], we 
can find a choice of {G\, xl) satisfying the above definition, which has the maximal derived 
subgroup, among all of such Hodge type datum (Gi, Ai), in the sense that the central isogeny 
Q^er Qder through Gf®'’ —>■ G'^®'’, and makes G^^^^ into a cover of Gf^^. 

The class of abelian type Shimura varieties is strictly larger than the class of Hodge type 
Shimura varieties. Here are some immediate examples of abelian type Shimura varieties 
which are not of Hodge type. We will give some further examples in the next section. 


Example 3.2.3. Let F be a totally real field and assume that F A Q- D be a quaternion 
algebra over F. For each open compact subgroup K C D^{Apj), we have the associated 
quaternionic Shimura variety Shp of level K, which is of abelian type by Degline’s classifi¬ 
cation. These varieties Shx are of PEL type if and only if one of the following two cases 
holds: 

• D ~ M 2 {F) is split, i.e. the Hilbert modular case; 

• D is a totally indefinite quaternion division algebra, i.e. for all u|oo, ~ M 2 (M), 
and the associated Shimura varieties are compact. 
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We claim that if the quaternionic Shimura varieties Sh/c are not of PEL type (e.g. the case 
of Shimura curves), then they are neither of Hodge type. Indeed, for these Sh/^- excluded 
from the above two cases, the weight morphisms w are not defined overQ: for any Shimura 
variety Sh/^- associated to D, the weight morphism w is defined over the subfield ofQ fixed by 
the automorphisms ofQ stabilizing the set of archimedean places Inc = {uloo | M 2 (M)}. 

This field of definition equals Q if and only Inc = {p|oo} = Hom(F,M), see [20] Example 

5 . 24 . 


Fix a prime p from now on. In this subsection, we continue to study geometric connected 
components of Shimura varieties, but with the level outside p fixed. Let {G,X) be a 
Shimura datum. Consider the following schemes 


Shi^p(G,X)c = ^m Shj^pj^p(C, X)c 




and its connected component 


Sh^p(G,X)c = ^Sh^^^p(G,X)c, 

AV 


where in both limit Kp runs through open compact subgroups of G(Qp). The scheme 
Sh5^p(G, X)c can be described in a similar way to those in the last subsection. More 
precisely, we have 

Sh%(G,x)c = i^r\x+, 


where F runs through the arithmetic subgroups of G' 


ad 


in the form of 


Im(^[G' 


ider 


n KpRP] G 


ad 


for some open compact subgroup Kp C G(Qp), cf. Remark 3.1.4 (2). Consider the group 

Fo = lm([G^^''{Q)+ n KP] . 

This is a {p, (X))-arithmetic subgroup of It acts on the system of varieties 

= fr\x- 


Sh?,^^p(G,X)c) 


A'„ 


where F = Im 


for some open compact subgroup Kp C 


n KpKP] 

ipj. There is a linear topology on Fq, for which the above subgroups F of Fq 

form a fundamental system of neighborhood of the identity. Let Fq be the completion of 
Fo with respective to this topology. As before, when we need to specify the topology, we 
will denote it by 

r^(rel.r(G'^^0). 

Then Fq (rel.r(G‘^®^)) acts continuously on the scheme Sh5fp(G, A)c. On the other hand, 
the group G{Qp) acts on the scheme Shxp(G, A)c by p-adic Hecke correspondences. Let 
Go be the subgroup of G{Qp) which stabilizes the subscheme Sh5(;p(G, A)c C Shi^p(G, A)c. 
Set 

A{KP) = G{Qp) *_fs:pnG‘*®’’(Q)+ ^0 

and 

A{KP)^ = Go *GonA'pnG'*='-(Q)+ ^o- 
We have the following lemma. 


Lemma 3.2.4. We have A{KP)^ = Fq (re/.r(G‘^®'’)). In particular, A{KP)^ depends only 
on G^^'^ and not on G. 
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Proof. See [5] 2.1.15.1. □ 

There is an ^(XP)-equivariant map 

Shxp(G,X)c ^ AiKP)/AiKPf = G{qp)/Go, 

and Sh5(;p(G, X)c is isomorphic to the fiber at e of this map. Conversely, we can construct 
Sh/i-p(G, X)c from Sh.^f^p{G, X)c by an induction. 


Lemma 3.2.5. There is an isomorphism of schemes with continuous G{Qp)-action 
ShKPiG,X)c ^ [A{KP) X Sh.%p{G,X)c]/A{KPf. 


Proof. This is a special case of [5] Lemme 2.7.3 (cf. Proposition 3.3.2 below), see also 
Proposition |3.1.1 □ 


Assume that we have two Shimura data (Gi, Xi) and (G 2 , X 2 ), such that there is a central 
isogeny Gf®'’ —)■ Gf^'' which induces an isomorphism (Gf^,Xf‘^) ^ {G'^^^, Xf^). We will not 
assume that ( G 2 , X 2 ) is of abelian type, unless clearly stated (in the next subsection, after 
We hx an open compact subgroup C G 2 (Ap, then we can and we do hx 


Remark 


3.3.7 


an open compact subgroup RP C Gi(Ap such that Kf n Gf'^''(Ap maps to RP n Gf^'^{APj) 
under the above isogeny. Set 



Im([Gf^(Q)+ n 7T{RfpRP] ^ G^‘'(Q)+) 
Im([Gf-(Q)+ n RipRP] ^ Gf (Q)+) 


where tt : Gf®^ —)■ Gf^'^ is the central isogeny. Rip runs through open compact subgroups of 
Gi(Qp), and Rf^'^ = Rip n Gf^^{Qp). By definition, the group A depends on the choices of 
RP and R^. It acts on Sh^p(Gi,Xi)c, and this action comes from the Hecke action, see 
the last paragraph of this subsection. We have the following proposition. 


Proposition 3.2.6. A is a finite group, and it acts freely on Sh^p(Gi,Xi)c. Moreover, 
there is an isomorphism of schemes with continuous A{R 2 )^-action 


Sh^p(G2,X2)c ^ Sh^p(Gi,Xi)c/A. 


Proof. We need only to prove that A is a hnite group. Take a prime i A P such that Rf 
(and RP) is hyperspecial at 1. Let A be the finite group as in 3.1.2 for p = L We can write 


A as an inverse limit, similar to the descriptions in 3.1.1 and the definition of A above. 
Then we see that there is a surjection A —)• A. The remaining statements can be deduced 
in the same way as Proposition 3.1.2 □ 


Remark 3.2.7. Given RP, if we can choose some RP such that 

Im([Gf^(Q)+ n RP] ^ Gi''(Q)+) = Im([Gf’■(Q)+ n Xf] ^ Gf (Q)+) =: Tq, 

then as in 3.1.1 and 3.1.2, 

A = Ker(^A(A:f)° ^ A(A:f)o) = Ker (^T)) (re7T(Gf H) ^ (re7r(Gf ^))) . 


The above constructions are true over any algebraically closed field which contains the 
reflex fields of the involved Shimura datum. Here we work over algebraically closed field to 
make use of geometric connected components of our Shimura varieties. One can of course 
work over large enough (so that the geometric connected components of Shimura varieties 
are defined) perfectoid field as the base field. Fix an algebraic closure Qp of Qp, and let Cp be 
its p-adic completion. From now on, we work over the p-adic field Cp. Fix an isomorphism 
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of fields C ~ Qp. We can base change schemes over C to Cp via the composition of this 
morphism and Qp ^ Cp. In particular, we consider the associated Shimura varieties over 
Cp. Then with the above notations, we have 


and 


ShO,p(G2,X2)c, ^ Sh^p(Gi,Xi)c,/A 

Sh.KGs, A2 )c, ^ [AiRP) X ShO (G2, A2 )cJM(K|')' 


We would like to briefly recall that how the above quotient is at a finite level, see the 
paragraph above Proposition 3.1.2| and Remark 3.1.4 For simplicity we work over C. For 
an open compact subgroup Kip C Gi(Qp), we have a map of connected Shimura varieties 

ri\A+^F2\A+, 


which is a finite etale Galois cover with Galois group denoted by 


A(iFip) =F 2 /Fi, 

where X~^ = Xf = and 

Fi = </.! (XipKl n Gf ’'(Q)+), F2 = </>2 (vr(iF$^) Af n . 

Here as in the last subsection, cjii : Gf®'’ —>■ Gf'^, 4>2 '■ G^®'’ —>■ vr : Gf'^'’ —)• are 

the covering maps, with 4>i = (j )2 ° "t. For K[p C Kip, we have a commutative diagram of 
morphisms between connected Shimura varieties 


r; \ A+ —^ Fi \ A+ 

F' \A+—-r2\A+, 


which is compatible with the map of groups A(iF[p) —)• A(iFip). Taking inverse limit over 
all the open compact subgroups Kip C Gi(Qp), we get back the finite etale Galois cover 

ShO,p(Gi,Ai)^Sh^p(G2,A2) 


with Galois group 


A = lim A{Kip 


Kt_j, 


3.2.6 


By Proposition 
we have A = A"(iFip) = A{K[p). 


A is finite. Hence, there exists some K[p such that for all Kip C K[p, 


3.3. The perfectoid construction. In this subsection, we will always work on schemes 
or adic spaces over the perfectoid field Cp, so we omit the subscript of the base field Cp 
from now on. Since we are working with the generic fiber, as in the last subsection, we 
will not assume that the reductive group G of a Shimura datum (G, A) is unramified at p. 
Sometimes it is convenient to fix a maximal open compact subgroup G{’Lp) of G(Qp), which 
means that we fix some suitable integral model Gzp of G over Zp and take G{'Lp) = Gzp(Zp). 
Let (G, A) be a Shimura datum. For K^ C G(Aj) fixed, the scheme 

Shi^p(G,A) =^Sh;^^Kp(G,A) 

Kp 

forms a pro-finite etale cover of the Shimura variety Sh.Q^Zp)KpiG, X) over Cp. In fact, 

Shi^p(G, A) —ShG(2p)A'p(G, A) 
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is a G(Zp)-torsor for the pro-etale topology on X). If we use the language of 

pro-etale topology as developed in [52] , 

Shi^p(G,X) =^Sh;^^Kp(G,X) 

Kp 

is an object in the pro-etale site Shc(g^)j^p(G, X)pi.oet- In fact, it is in the pro-finite etale 
site ShG(Zp)E'p(G')-^)profet- We use the fully faithful embedding of categories 

ShG(Zp)Xp(G', X)profet C Sh.Q(^Zp)Kp{G, X)p^oet 

to view it as an object of the pro-etale site. 

For any open compact subgroup Kp C G{Qp), let Sh.KpKp{G, be the associated adic 
space of ShfCpKpiG, X) over Cp. We have the following theorem of Scholze. 


Theorem 3.3.1 ( [27] ,Theorem IV. I.l). If {G,X) is a Hodge type Shimura datum, then 
there is a perfectoid space Skp over Cp such that 


SKP-^l^ShKpKpiG,xr'^, 

Kp 


where ~ is as in Definition 2.2. 1\ 


We keep to assume that (G, X) is of Hodge type. Scholze’s theorem says that, the object 

SliKP e ShG(Zp)i^p(G, V)p5?Q^^ 

with the pro-etale presentation Sh^p = hm Sh.^ kp {G, Xfi'^ is perfectoid, and Skp is the 

associated perfectoid space, cf. [25] Definition 4.3 (ii). Since there is a morphism of ringed 
spaces 

Sh^^^P (G, xr<^ ^ Sh;^^Kp (G, X) 

by construction, passing to limits over Kp, we get a map on the underlying topological 
spaces 

\SKp\='i^\ShKpKp{G,xr^\ ^ |Shxp(G,X)| =^|Shi^^i^p(G,X)|. 

Kp Kp 

We have a natural map of sites 

ShG(Zp)E'p(G')-^)proet -^ ^^G{Zp)KP {G, X)ppoet, 

given by the analytification functor. Clearly, SIikp is sent to Shi^p (G, X) = hm Shi^- r^-p (G, X) 

^- I\.p ^ 

under the map 

ShG(Zp)Xp(G')I’^)proet -^ ^^GiZp)Kp{G, X)ppoet- 

Before proceeding further, we would like to discuss the perfectoid version of [5] 2.7.1- 
2.7.3. Let us recall the setting, for which we have already seen several examples given 
by Shimura varieties in the previous subsections. Let F be a locally profinite group, and 
consider a projective system {Sk)k of schemes, indexed by the open compact subgroups K 
of F. Suppose that for each g €T, there is a given isomorphism of schemes 


PK{g) ■ Sk SgKg-i, 

such that 

• PK{k) = id, y k G K, 

• if L <3 iF is a normal subgroup, then those PL{k) define a right action of K/L on 
Sl, and we have 


SlI{KIL) ~ Sk- 
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Let S = Sk- We call it a scheme equipped with a continuous right action of L. Let tt 
be a profinite set, equipped with a continuous right action of L. We assume that this action 
is transitive, and the orbits of an open compact subgroup are open. Fix a point e G vr. 
Let A be the stabilizer of e in F. Then we have a homeomorphism F/A —?■ vr induced by 
the group action. Let S' be a scheme equipped with a continuous right action of F, and a 
continuous F-equivariant map 5 —)■ vr. Let Se the fiber of S over e. It is equipped with a 
continuous right action of A: for iL C F open compact, Se/{K n A) is the fiber over eK of 
S/K ^ tt/LC, and 

5e = ^5e/(iLnA). 

K 

Proposition 3.3.2 ([5] Lemme 2.7.3). S ^ Se is an equivalence of the category of schemes 
equipped with a continuous right action of F and a continuous equivariant map to tt, and 
the category of schemes equipped with a continuous right action of IS.. 


For S and Se as in the above proposition, we have 

5 = [F X 5 e]/A, 

where A acts on F x S'e by (7', 5)7 = (7“^7^ 57). 

Let A: be a perfectoid field, and 5 be a scheme equipped with a continuous right action 
of F over k, such that for any K, the scheme Sk is locally of finite type over k. Let vr, e, S'e 
and A be as above. Let Sf^, {Se/{K n A))®*^ be the adic spaces over k associated to Sk and 
Se/{K n A) respectively. 


Proposition 3.3.3. Assume that there exists a perfectoid space S over k such that S ~ 
lim ^^ S]f. 

( 1 ) There is an induced action o/F on S. 

( 2 ) There is a T-equivariant map 5 — 7 - 71 . If we view tt as a perfectoid space over k (cf. 
Lemma 2.4-1). Then the map S ^ tt is a morphism of perfectoid spaces. 

(3) Let Se be the fiber over e of this morphism. Then Se is equipped with a right action 
of A, and we have 

5e~^(5e/(iLnA))“''. 

K 

In particular, Se is perfectoid. Moreover, we have an isomorphism of perfectoid 
spaces 

5 ~ [F X 5 e ]/ A . 


Proof. (1) For each <7 G F, by GAGA, we get an isomorphism of adic spaces 

PK{g) ■ Sff — )• Sg'^g-l, 

satisfying the similar properties to the case of schemes. By assumption, we have a com¬ 
patible family of morphisms /i^ : 5 —?• Sff. Then, the composition morphisms Pk{ 9) ° fx 
form a compatible family. Since 5 is perfectoid, by m Proposition 2.4.5, there is a unique 
morphism 5 : 5 —)• 5, such that PK{g) ° fx = fx ° 9- In this way we get a right action of F 
on 5. 

(2) and (3): For each K, we get an induced map Sk = S/K —)• tt/K. View tt/K as a 
finite scheme over k. Then passing to the adic spaces, we get Sff —)• {tt/K)°‘^. Gomposing 
this map with fK-S^ Sff, we get a compatible family of morphisms 

5 ^ {tt/KY^. 

Note the underlying topological spaces of tt/K and {tt/K)°‘'^ are the same. If we view vr as 
a perfectoid space over k, then tt ~ ^im^( 7 r/iL)“‘^. Again, by applying Proposition 2.4.5 of 
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m, we get a morphism of perfectoid spaces 

5- 


vr, 


which is easily to seen F-equivariant. If we consider the fiber Se over e G vr of this morphism, 
then by construction, Se is A-invariant under the right action of F on S. To show that 

K 

we note hrst that the image of the composition 


Se^S^ 

is eK. Thus induces Se —>■ (5'e/ {K n A))“‘^. Moreover, the following diagram is catesian 

--5 


iSe/{KnA)) 



Thus we can conclude, cf. Proposition 2.2. 2[ Finally, the isomorphism 

5 ~ [F X Se]/A 

is deduced by the isomorphism 

5 ~ 5e X TT = 5e X (F/A). 


□ 


We apply the above construction to the perfectoid Shimura variety Skp in Theorem 3.3.1[ 

Corollary 3.3.4. Let {G,X) be a Hodge type Shimura datum and C G{A^j) be a suffi¬ 
ciently small open compact subgroup. 

(1) There is an action of A{KP) on the perfectoid space Skp, and a A{KP)-equivariant 
morphism of perfectoid spaces 

Skp ^ A{KP)/A{KPf. 

(2) There is an open and closed perfectoid subspace S^p C Skp over Cp such that 

iSh? 


cO 

Srp 


^^ HkpKp { G,xr 
K„ 


The subspace S^p is stable under the action of the subgroup A{KP)^ of A{KP). 
Moreover, we have an isomorphism of perfectoid spaces 

Skp ^ [A{KP) X sU/AKn""- 

As the case of Srp, we have an explanation of S^p in the above corollary by using 
pro-etale sites as follows. Let 


Sh%p G ShO^,^ 

.,)KP {G,X) 


ad 

proet 


be the object with pro-etale presentation Sh^^'p = ^^%pKpiG,X)°‘'^. Then it is perfec¬ 

toid, and the associated perfectoid space Sh^^p is exactly S^p. Similar to the case of Srp, 
Sh^p is sent to Sh.^p{G, X) = Um Sh^^ kp{G,X) under the map of sites 

X JXp P 


ci,0 

^‘^^G{Zp)KP 


)• Sh^(2p)_ft:p(G',-T)proet- 


We will need a construction from the inverse direction as in Proposition 3.3.3 
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Proposition 3.3.5. Let the setting he as in the paragraph above Proposition 3.3.3\ Assume 
that there exists a perfectoid space Se over k such that Se ~ ^j^{Se/{K n A))“'^. Then 
there exist a right action of A on Se, and a perfectoid space S over k, equipped an action 
ofT and a T-equivariant morphism of perfectoid spaces 

5 —>• vr, 

such that S ~ lim ^^ Sff and Se is isomorphic to the fiber at e of this morphism. 

Proof. The fact that A acts on Se follows by the same argument in the proof of (1) of 
Proposition |3.3.3 We consider the adic space 


5 := 5e Xfc TT = Se Xfc P/A. 

Since Se and tt are perfectoid spaces, S is also a perfectoid space, with underlying topological 


space 


^ad\ 

I 


|5| = ]J|5e| 

zGtt 

The condition on rings in Definition |2.2.1| can be verified directly by using the relation 

]J (5e/7^7"'nA)“''. 


oad _ 

— 


■y&iT/K^A\r/K 


The other assertions are clear. 


□ 


By the above Propositions 3.3.3 and 3.3.5, the following corollary is immediate. 


Corollary 3.3.6. Let {G,X) be a Shimura datum. Fix a prime to p level C G(A^). 
Consider the statement 

P{G,X): There exists a perfectoid space Skp over Cp such that 


Skp ~ lim Shj^ A) 


ad 


Kr> 


Fix a connected component X~^ C X, and consider the statement 
V{G'^^‘^, X~^): There exists a perfectoid space S^p over Cp such that 


5' 


KP 


ImSh^ 




ad 


Then the two statements are equivalent 

V{G,X)^ 




Remark 3.3.7. In [21] 2. 10, there is a list (a)-(e) of properties of a statement V{G, X) for 
a Shimura datum {G,X). LetV{G,X) be as in the above corollary. Then the results of [27] 
imply that it satisfies (a) and (b) of [2T| 2.10. Our results in this paper imply that V{G, X) 
satisfies (c) and (e) of loc. cit.. Finally, it is not hard to verify that the statement V{G, X) 
also satisfies (d) of loc. cit. on products, cf. Lemma 2.4-2 ThusV{G,X) satisfies the list 
(a)-(e) ofm 2-10. 


Now we assume that (G,X) is of abelian type. By Definition 3.2.1 (2), there exists a 
Shimura datum (Gi,Xi) of Hodge type, together with a central isogeny —>■ which 
induces an isomorphism —?• These data put us into the situation of 

the last subsection by setting (G, A) = (G 2 , A 2 ). Fix open compact subgroups C G(Ap 
and Af C Gi(Ap such that the isogeny induces a map K\ n Gf®'’(Ap — )• RP n G'^®’’(Ap. 
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Since {Gi,Xi) is of Hodge type, by Theorem 3.3.1 there is a perfectoid Shimua variety 
Skp{Gi,Xi) such that 


Ski{Gi,Xi) ~ ^Sh^^^^p(Gi,Xi) 


ad 


^ ip 


Applying Corollary 


3.3.4 


we get the connected perfectoid Shimura variety S'^p(Gi,Ai) 


equipped with an action of A{K^)^ = (Tq)^ (rel.r(Gf®'')), where Tq = Im 
K\] —)■ , such that 


n 


i-ip 


Moreover, there is an action of A{K\) on 5^p(Gi,Ai), compatible with the action of 
A{K\)^ on S^p{Gi, Xi). Consider the group 


Im 


A = ^im 

Kip 


n 7r{KfpKP] 


Im 


([Gf-(Q)+ n KipKf] ^ GfiQY 


By Proposition 3.2.6 this is a finite group. For Kip sufficiently small, A acts freely on 
Sh^i ^p(Gi,Aip^! Therefore, it also acts freely on 5^p(Gi,Ai). We want to take the 
quotient 

5^p(Gi,Ai)/A. 


The 


following proposition says that such a quotient 5^p(G, A) = S^p(Gi,Ai)/A indeed 


exists, cf. Corollary 2.3.5 


Proposition 3.3.8. There exists a perfectoid space SYp{G,X) over Cp, such that 


5^p(G,A)~iimSh^^^p(G,A) 


ad 


Kr, 


We have a finite etale Galois morphism 


5^p(Gi,Ai)^5^p(G,A) 


with Galois group A. 


Proof. We verify that the conditions in Proposition 2.3.4 and Corollary 2.3.5 hold. By 
construction, the action of A on S'^p(Gi,Ai) comes from a system of hnite etale Galois 

cover Xxip —>• ^Kip with Galois group A(Aip), such that 
Sh^p(Gi,Ai) = ^Axp 


^Ip 5 


A = U 


Kip 


^m A(Aip), 


^ Ip 


see the last paragraph in the subsection 3.2 By the description there, for each Kip C 
Gi(Qp), we have a A(Aip)-torsor Xpcip —>• F/^ip of varieties over Cp. By GAGA, the 
morphism of the associated adic spaces A^'^^ —)■ is a A(Aip)-torsor. As 5^p(Gi, Ai) ~ 

XfY^^i and A is finite, we see that the conditions in Proposition 2.3.4 and Gorollary 


2.3.5 


hold true. Therefore, 5^p(G, A) := 5^p(Gi, Ai)/A is a perfectoid space. 


SYp{G,X) ~ = ^Sh^^^p 


(G,A) 


ad 


Kip 


Kp 
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and we have a finite etale Galois morphism S^p{Gi, Xi) —>■ S^p{G,X) with Galois group 

A. ' □ 


Finally, we can prove the following theorem, which asserts that Shimura varieties of 
abelian type with infinite level at p are perfectoid. In the next subsection we will discuss 
the Hodge-Tate period map. 


Theorem 3.3.9. Assume that (G,X) is an abelian type Shimura datum. There is a per¬ 
fectoid space Skp = Skp{G.,X) over Cp such that 

Kp 


where Sh.KpKp{G, XY'^ is the adic space associated to ShxpKp over Cp. 
Proof. This is a direct consequence of our Propositions |3.3.8 and |3.3.5 


□ 


We remark that, by m Proposition 2.4.5, the perfectoid space Skp in the above theorem 
does not depend on the choices of the Hodge type Shimura datum (Gi, Ai) and the prime 
to p level Kf. 

Going through the arguments that we used, combined with the results of HU section 3, 
we get the following corollary. 


Corollary 3.3.10. Let the situation be as in Corollary \3.3.(^ Then to prove the state¬ 
ment V{G,X), it suffices to prove the case for a Shimura datum {G,X) with G^^^ simply 
connected. 


Let the situation be as in Theorem 3.3.9 Recall that we have fixed the prime to p 
level KP. Now let RP vary, we get a family of perfectoid Shimura varieties {Skp)kp over 
Cp. As usual, we get a prime to p Hecke action on this family of perfectoid spaces. More 
precisely, if (RP)' C RP be another open compact subgroup, we get a natural morphism 
S{KP)' Skp, which is a finite etale morphism of perfectoid spaces. For any 7 G G(Ap, 
we get an isomorphism of perfectoid spaces S.y-iKP<y —^ Skp- In particular, for 7 G G(Ap, 
we get a prime to p Hecke correspondence of perfectoid spaces 


Skp 



where pi is the natural projection, p 2 is the composite of the natural projection SKPn-y-^KP-y 
S.y-iKP.y with the isomorphism S.y-iKP-f — Skp- 

We would like to give a corollary on completed cohomology. Let {G,X) be a Shimura 
datum such that the associated Shimura varieties SLk are proper (i.e. G is anisotropic 
modulo center). Fix a tame level RP C G{A^j) and an integer re > 1. We consider the 
following cohomology groups 

W{RP,ZIp^Z) = lmF|t(Sh^^^, Q,Z/p"Z), HfRP) = Imlm Fi^CSh^^^, q, Z/p™Z). 

Kp m Kp 


Corollary 3.3.11. Let (G, A) he a Shimura datum of abelian type such that the associated 
Shimura varieties are proper, e.g. the non PEL type quaternionic Shimura vaieties in 
Example \3.2.3 . With the above notations, for i > dimSliK, we have 


HfKP,Zfp^Z) = HfRP) = 0 . 
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Proof. Identical to the proof of Corollary 6.2 in [2^; see also Theorem IV. 2.1 in [27] and 
Theorem 17.2 in [28]. The key point is that under our assumption, by Theorem 3.3.9 
Skp ~ lim Sh^ , which gives 


Kp 




KnKP 


Ip") = husk„o*s„Ip’' 


cf. |24] Corollary 7.18. Then, the etale cohomology on the right hand is almost equal to 
the coherent cohomology Hl^{SKp,Og^^/p'^), and the latter admits the standard bound 
dimShi^ for the cohomological dimension. We refer to the proofs of Corollary 6.2 in |26) 
and of Theorem IV. 2.1 in |27| for more details. □ 


We can also give a generalization of Theorem IV. 3.1 of m to the above situation, which 
says roughly that all Hecke eigenvalues appearing in H^(KP) come via p-adic interpolation 
from Hecke eigenvalues in the space of classical automorphic forms. However, we will not 
do this task at this moment. As remarked in the introduction, we will prefer to first extend 
our Theorem 3.3.9 to some suitable compactifications (e.g. the minimal compactification). 
Then we will generalize our Corollary 3.3.11 and the Theorem IV. 3.1 of m in that setting. 


3.4. The Hodge-Tate period map. As in the last subsection, let {G, X) be a Shimura 
datum of abelian type. We take a Shimura datum {Gi,Xi) of Hodge type, together with a 
central isogeny Gf®’’ —)• which induces an isomorphism (Gf*^, ^ Let 

RP, K\ be the prime to p levels as in the last subsection. Recall that for a Shimura datum 
(G, V), we can associate to it a conjugacy class {//} of cocharacters p : Gm —>■ Gc^, which 
is in fact defined over the local reflex field inside Cp. Fix a choice p G {p}, and let be 
the parabolic subgroup of Gcp which stabilizes the filtration opposite to the usual Hodge 
filtration attached to p. One can also define it over C first directly as 

Pfi = {g ^ Gel linia(i(/x(t))< 7 exists}, 

where ad{h)g = hgh~^ for any h,g £ Gc- Then this parabolic is defined over the local 
reflex field E, and we can pull back it to a parabolic subgroup of G over Cp. Set 

ECg = {Gcp/P.r'^, 

the adic space associated to the flag variety Gcp/Pfi over Cp. For our Shimura datum of 
abelian type {G,X) and the datum (Gi, Vi) of Hodge type as above, the isomorphism 
Qad ^ Qad ^^duces an isomorphism of the p-adic flag varieties ECq — XCg^- By |3|, there 
exists a Gi(Qp)-equivariant Hodge-Tate period map 

5^p(Gi,Vi)^P£gi 

of adic spaces over Cp. In the Siegel case (Gi, Vi) = (GSp 2 p, S^), this map sends a Cp-point 
of S^p{Gi,Xi) to the Hodge-Tate filtration of its associated abelian variety A over Cp (cf. 
|27| III.3) 

0 —)• LieA(l) —)• Tp{A) Cp —)■ (LieA^)^ —)■ 0. 

Here A^ is the dual abelian variety of A. In the general Hodge type datum case, one should 
also consider the additional Hodge tensors defining G. 

Recall the group A{Ki) defined in the subsection 3.2. By construction, we have a natural 
projection A[Ki) —)• Gi(Qp). Let A{Ki) act on FCgi via this projection. Then the Hodge- 
Tate period map 5j^p(Gi, Ai) —)■ ECg^ is ^(iLf)-equivariant. We note that the group A 
defined as in the last subsection acts trivially on J- Lg\ ■ Let Mp C Pp be the centralizer of 
p, which is a Levi subgroup of Pp. Let RepMp be the category of algebraic representations 
of Mp over Cp. The Shimura variety with level KpK^ (over Cp) associated to the datum 
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{G,X) will be denoted simply by SIik^kp, and the perfectoid Shimura varieties will be 
denoted by Skp and S^p. For expositional simplicity, we assume that the maximal Q- 
anisotropic M-split subtorus Zg of the center Z of G is trivial. (Otherwise, we shall assume 
instead that all representations we consider below have trivial restrictions to Zg, cf. m 
III.8.) 

Theorem 3.4.1. (1) There is a G{Qp)-equivariant map of adic spaces 

"tht : Skp — XCg, 

compatible with the construetion in [3] in the case {G,X) is of Hodge type. The map 
ttht is invariant for the prime to p Hecke action on Skp, and does not depend on 
any other choices. 

(2) The pullbacks of automorphic vector bundles over finite level Shimura varieties to 
Skp can be understood by the map ttht- More preeisely, there is an isomorphism of 
tensor functors 

RepMp —>■ {G{Af) — equiv. vector bundles on 

given by 

Rep Mp -^ {G(Qp) — equiv. vector bundles on XCg} 

ttJjt 

Y Y 

{Auto, vector bundles on Shi^pi^p}-s- {G{Af) — equiv. vector bundles on S'xp}. 

Here, the upper horizontal (resp. left vertieal) arrow is the usual construction of 
vector bundles (resp. automorphic vector bundles) on TLg (resp. SIik^kp), the 
lower horizontal arrow is the composition of the GAGA functor (which identifies 
vector bundles on Sh.KpKP and on S^^KpKp) the pullback functor ff^^ associated 
to the projection fKp ■ Skp —^ Sh^^^p, and finally, the right vertical arrow is the 
pullback functor 7rJ{rp associated to the Hodge-Tate period map ttht- 

Proof. Both are deduced from Theorem 2.1.3 in |3]. 

For (1), we note that, when restricting the map Sj^p{Gi, Xi) —)■ TLgx to the subspace 
Xi), it is A-equivariant, as the group action of A on 5^p(Gi, Ai) is induced by 
the Hecke action. Since A acts trivially on FCg^, the map 5^p(Gi, Ai) —)■ TLg\ factors 

through S^p. Applying the ^(AP)-action, we get an extension of S^p —)■ FCg = to 

a map ttht : Skp — ^ XLg, which is G(Qp)-equivariant. By construction, ttht is invariant 
for the prime to p Hecke action on Skp, and it does not depend on the choices of Hodge 
type Shimura datum (Gi, Ai) and the prime to p level K\, cf. Remark 

For (2), we may reduce the problem to the corresponding one for automorphic vector 
bundles over connected Shimura varieties (cf. [IZj)- Then it follows from the result of [3] 
for the case of (Gi, Ai). □ 

At this point, we remark that in [9] Hansen has recently constructed the Hodge-Tate 
period map for general Shimura varieties, by working on the diamonds associated to Shimura 
varieties, and by applying the theorem of Liu-Zhu that the tautological Qp-local systems on 
Shimura varieties are de Rham (cf. [I3j Theorem 1.2). When the Shimura datum (G, A) 
is of abelian type, our Hodge-Tate period map above ttht coincides with Hansen’s after 
passing to diamonds, cf. subsection 1.2 of [9]. 

To conclude this subsection, we would like to discuss an example of the Hodge-Tate 
period map, which is related to the one studied in section 6 of [30j. Let F and D be as in 


3.2.2 
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Example 


3.2.3 


and Sh^ be the adic quaterionic Shimura varieties which are not of PEL 


(Hodge) type. Fix a tame level K^. For simplicity, assume that p is inert in F. Suppose 
that D is ramified at p and split at only one archimedean place oop- Then dimSh;^ = 1, 
and the associated p-adic flag variety is just the p-adic projective line Let Skp be the 
associated perfectoid Shimura curve of abelian type, and 


ttht : Skp 


■Cp 


be the Hodge-Tate period map constructed by Theorem 3.4. 1[ On the other hand, by our 
assumption that D is ramified at p, the theorem of Cerednik (cf. [1] Corollary 3.4) on p-adic 
uniformization of Shimura curves implies that 


Skp G{F)\MBr,oc,c, X G(AP 

where G = {D')^ is the multiplicative group of another quaternion algebra D' which is 
locally isomorphic to D at all places outside p and oop, and such that Dp is split while 
D'^^ is ramified. The space A4Dr,oo,Cp is the perfectoid Drinfeld space associated to Dp 
over Cp (cf. [M] 6.3). By [3l] Proposition 7.1.1, there is a Hodge-Tate period map 

TTj^ : MDr,oo,Cp 

which induces a map 

TTHT • 'S'e'p —^ IPCp 

by definition and the construction of p-adic uniformization. The following claim confirms 
the concern in Remark 6.4 of |30j . 


Claim 3.4.2. We have the identity of morphisms from Skp to 

... — ...Sh 

TTht — ^HT- 


Proof. Take a totally imaginary CM extension E of F, and consider the simple unitary 
group Gi over Q associated to D 0p E (cf. [I] p. 47, where it is denoted by G*). Gi sits 
in the following exact sequence 

l^Z^D^ X Zp^Gi^l, 


where Z = Resp^qGm^F, Zp = ResE\QGm,E, the map Z —>■ D^ x Zp is given by / i—)• 
(/,/“^), and D^ x Zp —)• Gi is given by {d,k) ^ d®k. Write {G 2 ,X 2 ) as the Shimura 
datum (of abelian type) associated to D. After choosing a morphism hp : E ^ Zp^^, we 
get the conjugacy class Xi of morphisms S —)• Gir by the using the above sequence. Then 
(Gi, Ai) forms a PEL type Shimrua datum. Moreover, we have = G^®^. We choose 
a prime to p level C Gi(Ap constructed from by (3.10) of pQ. By the proof 

we can use the Hodge-Tate period map for 5^p(Gi,Ai) to define the 


3.4.1 


of Theorem 


Hodge-Tate period map 


TTht : Spp{G2,X2) = Skp Pcp- 

In fact, since Gf^^ = we have the equality of geometric connected components 

= Shl^^K^^{G2,X2)Cp 


for compatible KipK^ and K 2 pK 2 . That is, the finite group A in the last subsection is 
trivial, and 


5^p(Gi,Ai) = 5 ^p(G2,A2). 


For the unitary Shimura curves Sh^^ ^p(Gi,Ai)cp, we have also the global p-adic uni¬ 
formization by AlDr,oo,Cp (cf. [I] 1.51 and (3.8)). Then, we can reduce the claim to the 
corresponding identity for the perfectoid unitary Shimura curve Spp{Gi, Xi). For the latter 
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case, one sees easily that the identity holds, by the definition of the Hodge-Tate period map 
in the PEL case and the construction of p-adic uniformization. □ 

4. Application to moduli spaces of polarized K3 surfaces 

In this section, we investigate some special (and very interesting) examples of Shimura 
varieties of abelian type, namely, the Shimura varieties associated to the orthogonal group 
SO(E), with V a Q-vector space equipped with a non degenerate quadratic form Q such 
that Vk has signature (2,n) for some integer n > 1. These Shimura varieties appear in 
Kudla’s program on special cycles and their generating series, see |12j for example. The 
case that n = 19 is closely related to moduli spaces of polarized K3 surfaces. In particular, 
we can apply results of the last section to prove that the moduli spaces of polarized K3 
surfaces with infinite level at p are perfectoid. 

4.1. An example: Shimura varieties of orthogonal type. Let R he a commutative 
ring in which 2 is invertible, and (L, Q) be a non-degenerate quadratic space over R. We 
have the associated Clifford algebra C := C(L) over R, equipped with an embedding L ^ C 
and a natural decomposition C = C~^ © C“, so that is a sub-algebra of C. We define a 
reductive group scheme Gi := GSpin(L,(5) over R as follows. For any ii-algebra S, 

GiiS) = {x€ {C+r I xiLs)x-^ = Ls}. 

Let G = SO{L,Q) be the special orthogonal group. Then there is an exact sequence of 
group schemes over R: 

0 Gm Gi G 0, 

where the natural morphism of group schemes Gi —>■ G is given by g i—)• (u i—>■ gvg~^). On 
the other hand, there is a canonical character, the spinor norm, u : Gi —)> Gm- Let G'^ be 
the kernel of u, which is usually denoted by Spin(L,(5). Then G'^ = Gf®'’ is the derived 
subgroup of Gi, which is simply connected, and we have the following exact sequence of 
groups over R 

0 —y G^ —y G\ —y Gm —^ 0. 

Moreover, the morphism Gi —?■ G induces the following exact sequence of groups over R 

0 ^ /ra ^ G; ^ G ^ 0. 

Consider the case R = Q. We denote L = V as a vector space over Q. Assume that the 
quadratic space {V,Q) has signature (2,n) over M for some n > 1. We have the reductive 
groups Gi and G over Q. Let X be the space of oriented negative definite 2-planes in Vk. 
The points of X correspond to certain Hodge structures of weight 0 on the vector space 
V, polarized by Q, cf. m 3.1. The pairs (Gi, A) and (G, A) form Shimura data, both of 
which have reflex field Q since n > 1. 

For any 6 G (G"*“)^ such that 6* = —5, the form 

{x,y)s ti{xdy*) 

on G^ is symplectic, non-degenerate. Here * is the canonical involution on G. Thus this 
form (., ■)s induces an closed embedding of group schemes Gi GSp(G''', (•, ■)s), and an 
embedding of Shimura data (Gi,A) (GSp(G''', (•, •) 5 ), 5^). Accordingly, the Shimura 
datum (Gi, A) is of Hodge type, and (G, A) is of abelian type. 

Let Ki C Gi(Aj) be an open compact subgroup. We will assume that Ki is of the 
form KipK^ with Kip C Gi(Qp) and C Gi(Aj). As before, we assume that is 
chosen to be sufficiently small and fixed. We will only let the level Kip at p vary. Let 
K C G{Af) be the image of Ki under the above map Gi —>• G. It has the form as 
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KpK'P with Kp, RP the images of Ki,p, Kf respectively. Now we get the associated Shimura 
varieties Sh^^j (Gi, X), Shi^(G, X) over Q, and a morphism 

Sh^,(Gi,X)^Sh^(G,X). 

We have identifications of complex analytic varieties: 

ShK,iGi,X)l^ = Gi(Q)+ \ X+ X Gi{Af)/Ki, 

ShK{G, Xrc" = G(Q)+ \ X+ X GiAf)/K. 

Since H^{k,Gm) = 0 for any field k of characteristic zero (Hilbert’s Theorem 90), we find 
that the map Shi^^(Gi,X) —)• Shii'(G, X) is a finite etale Galois cover with Galois group 

A{Kip)=Q^\a-\K)/Ki, 

where a : Gi —>■ G is the morphism 5 i—)• (u i—>■ gvg~^) as before, cf. m Lemma 4.13. If 
K[p C Kip is another open compact subgroup, we have the following commutative diagram 
of morphisms 

^^K[pKf{Gi,X) -^ Sh^j^^p(Gi, W) 

ShK^Kp{G,X) - ^ShKpKp{G,X). 

Moreover, we have a surjective morphism of finite groups A{K[p) —?■ A(Kip). Since the 
weight of {G,X) is defined over Q, by Theorem 3.31 of [18], the associated Shimura vari¬ 
eties are moduli spaces of some abelian motives. For the Shimura varieties of Hodge type 
associated to (Gi, W), we have the following list when n is small. 

Examples 4.1.1. (1) In the case that n is small, {Gi,X) is of PEL type: the varieties 

Shi^j(Gi,W) are 

• n = 1, modular curves and Shimura curves, 

• n = 2, Hilbert modular surfaces and their quaternionic versions, 

• n = 3, Siegel threefolds and their quaternionic versions. 

(2) In the next subsection, we will investigate the case n = 19 (for {G,X)). 

We keep the notations as above. Consider the varieties Sh;^^ (Gi, X), Sh;^(G, X) over 
Cp. Recall the spinor norm u : Gi —)■ We have the following description of the sets of 
connected components: 

7ro(Sh;^,(Gi,X)) = Gi(Q)+ \ Gi(A/)/Xi 

= Q>o\A^MXi), 

7ro(Sh;^(G, X)) = G(Q)+ \ G{Af)/K. 

In this special case, the morphism a induces a surjection Gi(Af) G{Af) and thus a 
surjection 7ro(Shxi (Gi, X)) ^ 7 ro(Shi('(G, X)). One sees that 7 ro(Shxi(Gi, X)) is a A{Kip)- 
torsor over 7 ro(Shj^(G, X)). The map on the connected Shimura varieties 

ShO,^(Gi,X)^ShO,(G,X) 

is an isomorphism, since 

a(XinGi(Q)+) =XnG(Q)+. 

Using the notation of of the last section, we have A = {id}. By GAGA, the associated map 
between the corresponding adic spaces 

Sh?^^(Gi, X)"'’'^ Sh?^(G, X)“'^ 






PERFECTOID SHIMURA VARIETIES OF ABELIAN TYPE 


33 


is an isomorphism. Let Kip vary. We get the connected perfectoid Shimura variety 
such that 

4p(Gi,X) ~ 

^Ip 

Moreover, we get the perfectoid space S^p{G,X) which is isomorphic to S^p{Gi, X) such 
that 

S^K.iG,X) 


By Proposition 3.3.5 we find the perfectoid Shimura variety Skp{G,X) such that 


Skp{G,X) ~ l2mShK,Kp{G,xr^. 


Kp 


4.2. Moduli spaces of polarized K3 surfaces and the period map. In this subsection, 
we specialize our Shimura varieties in the last subsection further to the case n = 19, i.e. the 
case of orthogonal Shimura varieties associated to SO(2,19). We will discuss the relation 
with moduli spaces of polarized K3 surfaces, cf. |T5j sections 2 and 4, [22] section 6. 

Let U be the hyperbolic lattice over Z of rank 2, and Eg be the positive quadratic lattice 
associated to the Dynkin diagram of type Eg. Set N = © Ef"^, which is a self-dual 

lattice. Let d > 1 be an integer. Choose a basis e, / for the first copy of U in N and set 

Ld = {e- df)® C N. 

This is a quadratic lattice over Z of discriminant 2d and rank 21 (in [22] it is denoted by 
L 2 d )• Let Vd = Ld ® Q and C Vd be the dual lattice. Set 

G = SO{Vd), 

which is isomorphic to the special orthogonal group over Q of signature (2,19). Let K C 
G{Af) be an open compact subgroup which stabilizes and acts trivially on L^g/L^g. 
Such compact opens are called admissible. We fix an open compact subgroup from 
now on. We only consider open compact subgroups Kp C G(Qp) which is contained in the 
discriminant kernel of Ld.Zp (i-e. the maximal subgroup of G(Qp) which stabilizes Ld^i^ and 
acts trivially on L'^.^^/Ld^Zp) with finite index. In particular, KpK^ is admissible, cf. |22j 

5.3. For the reductive group G, we have the associated Shimura varieties ^h.KpKP-, which 
are defined over Q. 

Let fc be a field. Recall that a K3 surface X over fc is a projective smooth surface over 
k such that — Ox and H^{X.,Ox) = 0. Recall also that (cf. [22] Definition 1.1.5) a 
K3 surface X over a scheme S' is a proper smooth morphism f : X ^ S of schemes whose 
geometric fibers are K3 surfaces. We can extend this definition to algebraic spaces: a proper 
smooth algebraic space f : X ^ S over a scheme S is called a K3 surface if there is an 
etale cover S' ^ S such that the pullback of / to S' is a K3 surface in the above sense. 
A primitive polarization (resp. quasi-polarization) on a K3 surface / : A —>• S as above 
is a global section A G Picx/ 5 (<S') such that for every geometric point s of 5 the section 
As G Picx 5 -/fc(i)(fe(s)) is a primitive polarization (quasi-polarization) of Xg. 

Let M 2 d (resp. M^^) be the moduli spaces of K3 surfaces f : X ^ S together with a 
primitive polarization ^ (resp. quasi-polarization) of degree 2d over Q (in [T5| section 2, 
these spaces are denoted by and M 2 d respectively). These are Deligne-Mumford stacks 
of finite type over Q. The natural map M 2 d —>• is an open immersion. Moreover, M 2 d 

is separated and smooth of dimension 19 over Q, cf. |22j Theorem 4.3.3, Proposition 4.3.11 
and [15] Proposition 2.2. 



34 


XU SHEN 


Let (/ : —)• M 2 (i, ^ be the universal object over M 2 d- For any prime £, we consider 

the second relative etale cohomology of X over M. 2 d- This is a lisse Z^-sheaf of rank 
22 equipped with a perfect symmetric Poincare pairing (,) : HJ x —>■ Zf(—2). The 

£-adic Chern class chf(^) of is a global section of the Tate twist HJ{1) that satisfies 
(ch£((^), ch£(^)) = 2d. The product 

^1 = 11 "' 

i 

is a lisse Z-sheaf, and the Chern classes of ^ can be put together to get the Chern class 
chg(^) in Lf|(l). Recall that we have the quadratic lattice N of rank 22 over Z. 

Definition 4.2.1. Consider the etale sheaf over M. 2 d whose sections over any scheme T —>• 
M 2 d are given by 

I{T) = {r/ ; (g) Z Lr|^(l) isometries, withr]{e — df) = chg(^)}. 

Let K C G{Af) be an admissible open compact subgroup. Then I admits a natural action 
by the constant sheaf of groups K. A section rj G H^{T, I/K) is called a K-level structure 
over T (in [22] 5.3 it is called a full K-level structure). 

As before, we assume that K is of the form KpK^. Let M 2 d,KpKp (resp. j^p) be the 

relative moduli problem over M. 2 d (resp. which parametrizes KpK^-level structures. 

For small enough, these are smooth algebraic spaces. Moreover, the maps 

^2d,KpKP —> M 2 d, ^2d,KpKP ^ 3 ^ 

are finite etale. For another admissible K' = K(Kp' C K, we have natural finite etale 
projections 

^2d,K' ^2d,Ki ^2d,K' ^2d,K 

as algebraic spaces over M. 2 d-, respectively. When K' is a normal subgroup of K, these 
projections are Galois with Galois group K/K'. 

For any prime £, we have the primitive cohomology sheaf 

P, = (ch,(0)^ C Hi 

Let and be the second relative Betti and de Rham cohomology respectively of the 
universal K3 surface X —>■ M- 2 dKpKP c have also the primitive cohomology sheaves 

Pb = C FF|, PdR = (chdRif,))'^ C FFJr. 

Consider —)■ the two-fold finite etale cover parameterizing isometric 

trivializations det(Ld)®Z 2 —)■ det(P 2 ) of the determinant of the primitive 2 -adic cohomology 
of the universal quasi-polarized K3 surface. We can identify KpKp with the the space 

of isometric trivializations det(L£;) det(Pe) of the determinant of the primitive Betti 
cohomology. There is a Hodge-de Rham filtration F*PdR on PdR, and we have a natural 
isometric trivialization rj : disc(Ld) —>■ disc(PB) and the the tautological trivialization fi : 
dei{Ld) —)• det(PB). The tuple {Pr, F*PdR,V, /3) gives rise to a natural period map 

^2d,KpKP,C Shi:s'p7i-p^C) 

cf. [15] Propositions 4.2 and 3.3. There is a section map M 2 d,KpKP,c T ^MKpKPC 
^2d,KpKP,C^ whose composition with the above period map gives us the period map 

^2d,KpKP,C -^ ShKpKP,C- 
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Theorem 4.2.2. The period map 

^2d,KpKP,C -^ ShXpR-p.C 

is defined over Q. Moreover, it is an open immersion. 

Proof. The first assertion follows from |23) Theorem 3.9.1, and the second follows from loc. 
cit. Proposition 2.4.6, which is essentially the global Torelli theorem for K3 surfaces: see 
loc. cit. for more references therein. □ 

In the case Kp = K^^^p, see also m Corollary 4.4 for the above first assertion, where 
C G(Z) is the largest subgroup which acts trivially on the discriminant L'^/Ld, i.e. the 
largest admissible open compact subgroup. For the second assertion, in the case Kp = K^^^p, 
see m Corollary 4.15. For the general case of open compact subgroups Kp C K^^^p, we 
note that the following diagram is cartesian: 

^2d,KpKP,C -^ ShKpKP,C 


^2d,KL^^pKP,C 


^^Kl^,pKp,C- 


As a corollary, we see that for K^ small enough, M 2 d,KpKp is a scheme for any open compact 
Kp C Kr 


d,p- 


4.3. The perfectoid moduli spaces of polarized K3 surfaces. Let the notations be 
as in the last subsection. Fix an embedding Q C Cp. We consider spaces and varieties over 

SiiR Rp) be the adic space associated to M 2 d,KpKP x Cp (resp. 


C. 


Let (resp. 


Sh.KpKP X Cpj 

^2d,KpKP 

corollary. 


for Kp and K^ as above. 


By Theorem 


Sh 


ad 


Applying Lemma 


2.2.2 


4.2.2 


and Theorem 


we get an open subsystem 
we get the following 


3.3.9 


Corollary 4.3.1. There is a perfectoid space M 2 d,Kp over Cp such that 

^ 2 d,KP ~ lim f^p. 

Kp 

By construction, we have an open immersion of perfectoid spaces over Cp 

^ 2 d,KP C Skp, 

where Skp is the perfectoid Shimura variety with prime to p level K^ such that Skp ~ 
hm Sh^^p. In particular, the restriction on M 2 d kp of the Hodge-Tate period map ttht 
for Skp gives rise to a Hodge-Tate period map 

ttht : ^2d,KP —> -FTg, 

which can be understood by the Kuga-Satake construction for K3 surfaces (cf. [2H] 5.2), 
and the Hodge-Tate period map for the perfectoid Shimura variety Sf^p{Gi, X) (cf. [3j) for 
the GSpin Shimura datum (Gi, A). Here as before, Kf C Gi(Ap is a suitable prime to p 
level structure, compatible with K^. 

In the proof of the corollary above, the key ingredients that we used are perfectoid 
Shimura varieties of abelian type and the global Torelli theorem for K3 surfaces. With 
our Theorem 3.3.9 at hand, once we have a suitable global Torelli theorem, we can prove 
that some other moduli spaces of polarized higher dimensional Calabi-Yau varieties with 
infinite level at p are perfectoid. For example, we can treat the case of moduli spaces of 
cubic fourfolds exactly as here, see 5.13 and 5.14 of |15) . In particular, we get some new 
interesting examples of perfectoid spaces. 
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